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INTRODUCTION

This paper is a continuation of the joint papers with Donald Spencer, parts 1
and IT of the same title which appeared in Acta Math. 136 (1976) 103-239 and
parts III and IV of the same title which appeared in this journal 13 (1978)
409-526. We continue our study of the integrability problem for pseudogroups
or for Lie equations and the program embarked upon in parts I and II and
outlined in [17] for proving the solvability of the integrability problem for all
Lie pseudogroups acting on R” which contain the translations. Our proof
follows to a large extent Guillemin’s program for solving the integrability
problem for flat pseudogroups and relies on Galois theory type methods
similar to those introduced by Sophus Lie in his work on partial differential
equations. In this work, these methods provide us with solutions of the
non-linear partial differential equations associated to this integrability prob-
lem.

Communicated by D. C. Spencer, March 29, 1980. This work was supported in part by National
Science Foundation Grants MCS 78-02459 and MCS 79-04683.



596 HUBERT GOLDSCHMIDT

In parts I and II of this paper, we started a program announced in [14] of
studying the integrability problem in terms of transitive Lie algebras. If R, is a
Lie equation on a manifold X and x € X, we defined a non-linear cohomology
H'(R,),, which is a set with a distinguished element 0. The integrability
problem for R, (for a precise formulation of the problem, see [33]) is solvable
if and only if H'(R,), =0 for all x € X. If R, is formally transitive, this
non-linear cohomology depends only on the transitive Lie algebra R . of
formal solutions of R, at x. To a real transitive Lie algebra L and to a closed
ideal I of L, we associated non-linear cohomologies H'(L) and H'(L, I') in
such a way that H'(L, L) = H'(L), and H'(R,, ,) = H'(R,), whenever R, is
analytic and formally transitive. The integrability problem for formally transi-
tive Lie equations is reduced to the study of the non-linear cohomology of
transitive Lie algebras and their closed ideals. If I is a closed ideal of the
transitive Lie algebra L, the quotient L /I is again a transitive Lie algebra and
we proved that, if H'(L,I)=0 and H'(L/I)=0, then H'(L)=0. By
repeated applications of this result, if we consider a Jordan-Holder sequence of
Guillemin [20] for L, that is, a descending chain

L=I,0L,>---DI,=0

of closed ideals of L such that, for 0 <j < k — 1, either Ij/Ij+l is abelian or
there are no closed ideals of L properly contained between I; and I, ,, it
follows that to prove that H'(L) = 0 it suffices to show that
ﬁ‘(L/IjH, L/I;;,) =0 for the closed ideal I;/I,,, of the transitive Lie
algebra L/I;,,, with 0 < j < k — 1; clearly the ideal [;/I,, is either a closed
abelian ideal or a non-abelian minimal closed ideal of L/I, ;. We are
therefore lead to study the cohomology HY(L, I of a closed abelian ideal or a
non-abelian minimal closed ideal I of L. In §11 and §18, we proved that, if I is
an abelian ideal of a tranmsitive Lie algebra L, the non-linear cohomology
H(L, I) is isomorphic to the linear Spencer cohomology H'(L, I') introduced
in [16] and that the vanishing of H'(L, I) is equivalent to the local solvability
of a linear differential operator associated to 1.

In this paper we turn our attention to the study of the non-linear cohomol-
ogy HY(L, I') of a non-abelian minimal closed ideal I of a real transitive Lie
algebra L. According to [20], I possesses a unique maximal closed ideal J of 1
and R = I/J is the non-abelian and simple transitive Lie algebra canonically
associated to I. The commutator ring K, of R is the algebra of all R-linear
endomorphisms of R which commute with all inner derivations of R. By a
result of [20], K is a field, and we say that I is of real or complex type
according to whether K is R or C. In parts I and II, we conjectured that
HY(L, I) = 0; the examples of Conn [5] of non-abelian minimal closed ideals



LIE EQUATIONS. V 597

of complex type for which this cohomology does not vanish show that this
Conjecture I of §13 is false, as is Conjecture II. The main result of this paper
(Theorem 26.2) is the proof of Conjecture I for a non-abelian minimal closed
ideal of real type, namely:

Theorem 1. Let L be a real transitive Lie algebra and I a non-abelian
minimal closed ideal of L of real type. Then H/(L,I)=0 for j>0 and
HY(L,I)=0.

In a sequel to this paper, we shall study the cohomology of non-abelian
minimal closed ideals of complex type and present counterexamples to the
integrability problem arising from these ideals generalizing those of Conn [5].
In [6], Conn associates to a non-abelian minimal closed ideal I of complex type
of a real transitive Lie algebra L an algebraic invariant, the Levi form, which is
a vector-valued Hermitian form. In particular, we shall present a proof of

Theorem I. Let L be a real transitive Lie algebra and I a non-abelian
minimal closed ideal of L of complex type. If the Levi form of I vanishes, then
HI(L,I)=0forj>0and H(L,I1)=0.

We now briefly outline how the solvability of the integrability problem for a
Lie pseudogroup acting on R”* which contains the translations can be deduced
from Theorems I and II and the results of parts I and II. Let L be a real
transitive Lie algebra possessing a fundamental subalgebra L® and an abelian
subalgebra A such that

L=1°® 4.

In fact, the transitive Lie algebra corresponding to such a pseudogroup has this
property. Consider the Jordan-Holder sequence for L introduced above. In §11
and §13, we proved that the linear differential operator associated to any
abelian quotient [;/I;,; is an operator with constant coefficients and we
deduced from the Ehrenpreis-Malgrange theorem that H\(L/I,,, I,/I,,|) =
0.If ,/I, | is a non-abelian minimal closed ideal of complex type of L/I, |,
tl}en the Levi form of I,/1; ,  vanishes. Therefore Theorems I and II imply that
HYL/I,, I/I,,)) =0 whenever I,/I,, is a non-abelian minimal closed
ideal of L/, ,. From these results, we deduce that H'Y(L) =0 and that the
integrability problem for pseudogroups acting on R* containing the transla-
tions is solved. Furthermore these methods also give us a proof of Conjecture
III of §13.

We now present an outline of the reduction of Theorem I to Theorem 26.1
which is based on §13 and is given here in §26. Let L be a real transitive Lie
algebra and I a non-abelian minimal closed ideal of L of real type. According
to the classification of the real simple infinite-dimensional transitive Lie
algebras (see [21], [22], [34] and [36]), the Lie algebra Der(R) of derivations of
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the simple transitive Lie algebra R associated to I possesses a natural structure
of transitive Lie algebra in which R is a closed ideal of codimension at most
one. Moreover Der(R) has a fundamental subalgebra Der’(R) such that
R% = R N Der(R) is a fundamental subalgebra of R and

Der(R) = R + Der’(R)
(see [6]). The normalizer N of the unique maximal closed ideal of J of I in L is
an open subalgebra of L. Let F be the local ring of formal power series on the
finite-dimensional vector space (L /N )* endowed with the Krull topology. The
Lie algebra Der(F') of derivations of F has a natural structure of transitive Lie
algebra; if F° denotes the unique maximal ideal of F, the subalgebra Der®(F)
of Der(F) consisting of all elements £ of Der(F) satisfying £(F°) C F%is a
fundamental subalgebra of Der(F). Since Der(R) is a transitive Lie algebra
and F is a linearly compact topological algebra, there is a structure of
linearly compact Lie algebra on the Hausdorff completion Der(R) ®g F of
Der(R) ®g F. The action of Der(F) on F determines a structure of linearly
compact Der(F)-module on Der(R) &g F, the semi-direct product

Der(R ®g F) = (Der(R) &g F) ® Der(F)
has a natural structure of real transitive Lie algebra,
Der®(R &g F) = (Der®(R) &g F + Der(R) &g F°) ® Der’(F)

is a fundamental subalgebra, and R ®g F is a non-abelian minimal closed
ideal of this Lie algebra; we call the ideal R ®g F the Lie algebra R with real
parameters (see [6]). According to the topological version of Conn [6] of the
structure theorem of Guillemin [20], there is a continuous morphism of
transitive Lie algebras

®: L - Der(R &g F)
whose restriction to [ is an isomorphism
®:] >R&F

such that

Der(R ®g F) = ®(L) + Der®(R &g F).
By results of [16] and §10, ® induces isomorphisms of cohomology

H*(L, )~ H*(Der(R ®g F), R®x F),

HYL,1)- H'(Der(R®g F), R &g F).
Theorem I follows from Theorem 26.1 which asserts that
H/(Der(R &g F),R&g F) =0, H'(Der(R®gF),R&x F)=0,
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for j > 0, where R is a simple transitive Lie algebra, with K, = R, and F is the
ring of formal power series on a finite-dimensional vector space U.

In §§22-25 to prove Theorem 26.1, for each simple transitive Lie algebra R,
with Kx = R, and each finite-dimensional vector space U, we construct ex-
plicitly a formally integrable and formally transitive analytic Lie equation R¥
of order k, with k£ = 1 or 2 depending on whether Der(R) equals R or not, on
an analytic manifold X, a formally integrable analytic first-order Lie equation
R, such that R _ , is a closed ideal of R% , for all a € X, a formally integrable
and integrable finite form P, of R, and an isomorphism of transitive Lie
algebras y: R, . > Der(R ®g F) such that y(R,, ,) = R ®g F, where x is a
point of X. Then we show that the linear Spencer cohomology H’(R,) and the
non-linear cohomology H'(P,),, defined in terms of the ®-complex (see §7),
vanish for all j > 0 and a € X; it follows that the assertions of Theorem 26.1
hold for R and U. If J,(T) is the bundle of k-jets of the tangent bundle T of X,
the Lie equation R, is a sub-bundle of J|(7') and P, is a sub-bundle of the
bundle @, of l-jets of local diffeomorphisms of X. If u is a section of
7% ® J(T), we denote by myu the section of T* & J(T) determined by u. Let
D, be the compatibility condition for the operator ® of the non-linear Spencer
complex; the set Z'(R,), of D ,-cocycles at a € X consists of the germs at a of
sections u of T* ® R, which satisfy D,u = 0 and m,u(a) close to 0. The
vanishing of the non-linear cohomology H'(P,), is proved using the following
necessary and sufficient condition given by Proposition 22.7: for all u €
Z'(R,), we can solve the equation D¢ = mu for some germ ¢ of an invertible
section of P,.

According to the classification results referred to above, the simple transitive
Lie algebra R is either finite-dimensional or isomorphic to one of the follow-
ing:

(1) the Lie algebra of all formal vector fields on R";

(i) the Lie algebra of all formal vector fields with zero-divergence on R",
with n = 2;

(iii) the Lie algebra of all formal symplectic vector fields on R*", with n = 1;

(iv) the Lie algebra of all contact vector fields on R***!, with n > 1.

If R is equal to one of the tramsitive Lie algebras (ii) or (iii), these
constructions are made in §23 and the corresponding vanishing of the linear
and non-linear cohomology is proved in Theorem 23.1, while the analogues for
the Lie algebra (iv) are accomplished in §25 and Theorem 25.1. The case of a
finite-dimensional Lie algebra R is considered in §24 and the vanishing of
cohomology for the Lie algebra (i) is given by Proposition 22.9.

We give a unified treatment of the Lie algebras (i)—(iii) and of finite-dimen-
sional Lie algebras in terms of the class of Lie equations whose solutions
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preserve a differential form. Let X, Y be analytic manifolds and p: X - Y an
analytic surjective submersion. We assume that the dimension of Y is equal to
that of the vector space U. In §22, under certain regularity assumptions, we
associate to a differential form w along the fibers of p a first-order Lie equation
J(V; w) on the bundle ¥V of vectors tangent to the fibers of p and a finite form
0,(V; w) of J|(V; w). The solutions of J,(V; w) are the vertical (with respect to
p) vector fields £ on X which preserve w, that is, for which the Lie derivative
£(¢)w of w along £ vanishes. If J,(V) denotes the bundle of k-jets of V, a
section u, of T* ® Jy(V') operates on the space of differential forms along the
fibers of p and associates to « the differential form w*o. If # is a section of
T* ® J|(V'), the fundamental formula (22.20) relates the actions of the section
ug = myu of T* ® J(V) determined by u and of the exterior differential
operator dx /v on differential forms along the fibers of p to ©,u. We denote by
9, the sheaf of invertible sections of Q,. If J)(V; w) is formally integrable and
Q,V; w) is a formally integrable and integrable differential equation, in
Proposition 22.8 we obtain as a consequence of Proposition 22.7 a criterion for
the vanishing of the non-linear cohomology of Q(V; w) or of Ji(V; w) at
a € X: if ue Z\(Jy(V; w)),, it suffices to find a germ f at a of a local
diffeomorphism of X over Y such that

(1) fro =o',

where u, = mu; in fact the relation (1) guarantees that the unique element
¢ € 2, satisfying my¢ = fand D¢ = u, is a germ of a section of Q,(V; w).

In §23, we suppose that w is an analytic volume or symplectic form along the
fibers of p; we prove that J(V; w) is a formally integrable and involutive Lie
equation and that Q(V; w) is a formally integrable and integrable finite form
of Jy(V; w) (Proposition 23.3). If w is a symplectic (resp. volume) form and
u € Z\(J|(V; w)),, with a € X and u, = myu, then w* is closed according to
the fundamental formula (22.20) and is the germ of a symplectic (resp. volume)
form along the fibers of p; moreover every such germ can be obtained in this
way. Darboux’s theorem with parameters (resp. an elementary result about
ordinary differential equations) gives us the existence of a germ f at a of a local
diffeomorphism of X over Y satisfying f*w = w*, and hence the vanishing of
the non-linear cohomology of Q(V; w) at a. A Q(V; w)-structure on X is
equivalent to a non-singular differential 2-form (resp. g-form, where g =
rank V') along the fibers of p and is formally integrable in the sense of
Malgrange [33] if and only if this differential form is closed, and hence is a
symplectic form (resp. is always formally integrable). If w is a symplectic form,
this last remark can be used to derive directly the fact that w* is a germ of a
symplectic form for u € Z\(J(V; w)), and u, = myu without requiring our
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formula (22.20). Finally, we construct a second-order formally integrable and
formally trausitive analytic Lie equation J3(T; ) on X whose solutions over
connected open subsets of X are the p-projectable vector fields ¢ satisfying the
relation £(§)w = p*g - w, for some real-valued function g on Y. If rank V = 2,
for x € X we verify that J_(V; ), is a closed ideal of the transitive Lie algebra
J.(T; w), and that, if R is the Lie algebra (iii) with 2n = rank V (resp. the Lie
algebra (ii) with » = rank V'), there is an isomorphism of transitive Lie
algebras '

Y: J.(T; @), — Der(R &g F)

such that Y(J (V; w),) =R ®g F; it follows that the non-linear cohomology
of the closed ideal R ®g F of Der(R &g F) vanishes.

If R is a finite-dimensional Lie algebra, in §24 we consider a Lie group G,
whose Lie algebra g, is isomorphic to R. If X = Y X G, and p: X — Y is the
projection onto the second factor, the left-invariant and right-invariant
Maurer-Cartan forms of G, induce non-singular g,-valued 1-forms w and o
respectively along the fibers of p. From the identity (24.4) relating the Lie
derivative £(£)w of « along a vertical vector field £ on X to the exterior
derivative d .,y (0, £) of the gy-valued function (o, £), we deduce that Ji(V; w)
is a formally integrable Lie equation whose solutions over open subsets of X
whose fibers over Y are connected are the vertical vector fields whose restric-
tions to each fiber are right-invariant vector fields on G;. From the formula
(24.7) relating the first-order (non-linear) differential operators ® , vy of §4
and ®©,, which corresponds to the equation Q,(V; w), we infer that the
solutions of Q(V; w) over open subsets of X whose fibers over Y are
connected are the local diffeomorphisms of X whose restrictions to each fiber
are left-translations of G, and, using properties of the operator ® y y, that
QV; w) is a formally integrable and integrable finite form of J(V; w)
(Proposition 24.3). If ®, y,y is the compatibility condition for the operator
D,y the Maurer-Cartan equation satisfied by w is ©©, y ,yw = 0. Using this
fact and the fundamental formula (22.20), we obtain the commutative diagram
(24.17) connecting the non-linear Spencer ©-complex of Ji(V; w) and the
sequence of §4 involving the operators ® y,yand D, y,y. lfu € Z YT (V5 @),
with @ € X and u, = myu, then w* is a germ of a non-singular g,-valued
1-form along the fibers of p satisfying the equation D, y ,yw* = 0; moreover
every such germ can be obtained in this way. Proposition 4.1, which is a
consequence of Frobenius’ theorem, says that this sequence of §4 is exact and
hence gives us a germ at a of a local diffeomorphism f of X over Y satisfying
Dy, yf = w*, which is precisely equation (1), and the vanishing of the
non-linear cohomology of Q,(V; w) at a. The exactness of this sequence is the
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assertion of the second fundamental theorem with parameters for the Lie
group G,. A Q,(V; w)-structure on X is equivalent to a non-singular g -valued
l-form v along the fibers of p and is formally integrable if and only if
D, x,yv = 0. This Jast remark can be used to show directly that D, y,yw* =0
for u € Z{(J(V; w)), and u, = myu without requiring our formula (22.20). The
analytic first-order Lie equation J,(T; @) on X, whose solutions are the
p-projectable vector fields ¢ satisfying £(¢)w = 0, is formally integrable and
formally transitive. For x € X, we verify that J_(V; w), is a closed ideal of the
transitive Lie algebra J (T; w), and that, if R is simple, there is an isomor-
phism of transitive Lie algebras

¥: J(T; @), > Der(R &g F)

such that Y(J(V; w),) =R &g F. Thus the non-linear cohomology con-
sidered in Theorem 26.1 vanishes whenever R is finite-dimensional. We remark
that, if U is zero-dimensional and Y is a point, the Lie equation J(V; w) and
its finite form Q(V; w) can be described in a much simpler way without the
use of w (see §20) and the vanishing of the cohomology in this case is given by
Proposition 17.2.

In §25, we study the case of the Lie algebra (iv). If w is an analytic contact
form along the fibers of p, the Lie equation Ji(V; W), corresponding to the
equation (E(£)w) N «@ = 0 for vertical vector fields £, whose solutions are the
contact vector fields along the fibers of p, is not formally integrable. We
introduce a first-order Lie equation R,(V; w) (resp. R,(w)) which corresponds
to the equations

L(&)w=fo, B(§)dy,yo=fdyyo+aw

for the vertical (resp. p-projectable) vector field &, where f is a real-valued
function on X and a is a 1-form along the fibers of p depending on £. The
solutions of R(V; w) are precisely the contact vector fields along the fibers of
p. In Proposition 25.2, using the explicit form of the contact vector fields, we
show that this equation R,(V; w) is formally integrable and integrable and that
it is involutive and can be obtained from J\(V; W) by the methods of [10]; in
fact, it is equal to the projection in J (V') of the first prolongation J,(V; W) of
the equation J,(V; W). This enables us to apply the results of [10] to deduce
that H/(R,(V; w)) = 0, for j > 0. To verify that a certain differential equation
P(V; w) C Q, is a formally integrable and integrable finite form of R(V; w),
we are lead to examine properties of a finite form Q(V; W) of Ji(V; W) and
then to construct explicitly elements of the first prolongation P,(V; w) of
P(V; w) in order to apply results of [9]. If u € Z'(R(V; w)),, wWith a € X and
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uy = myu, then by means of the formula (22.20) we see that w* is a germ of a
1-form along the fibers of p satisfying the condition

(2) w' A (dX/Y‘*’"° . (dX/Y‘*’)uO) =0;

in fact the relation (2) implies that w“ is a germ of a contact form and
moreover every germ of a contact form along the fibers of p can be obtained in
this way (Propositions 25.5 and 25.6). Darboux’s theorem with parameters
gives us the existence of a germ at a of a local diffeomorphism f of X over ¥
satisfying (1); from equation (2) we infer that f verifies the additional relation

(3) WO N frdy,yo — (dy,y©)™) = 0.

The equations (1) and (3) guarantee that the unique element ¢ € 9~Z, satisfying
7 = fand D¢ = u, is a germ of a section of P(V; w) (Proposition 25.4). Our
criterion now insures that the non-linear cohomology of P,(V; w) vanishes. The
equation (2) expresses the condition that a germ u, at a of a section of
T* ® Jy(V), with uy(a) close to 0, be of the form u, = myu for some u €
Z'(R(V; w)),. Finally, the analytic Lie equation Ry(w) is formally integrable
and formally transitive; for x € X, we verify that R (V; w), is a closed ideal
of the transitive Lie algebra R (w), and that, if R is the Lie algebra (iv) with
2n + 1 = rank V, there is an isomorphism of transitive Lie algebras

¥: R (@), — Der(R &y F)

such that (R _(V; w),) = R ®g F. It follows that the assertions of Theorem
26.1 hold whenever R is the Lie algebra (iv).

Finally, we ought to point out to the reader that all differential equations
considered throughout this paper are assumed to be of order greater than or
equal to one. We wish to thank D. C. Spencer for his constant encouragement
and advice during the preparation of this paper.

CHAPTER V. THE COHOMOLOGY OF NON-ABELIAN
MINIMAL CLOSED IDEALS OF REAL TYPE

21. Lie Algebras with parameters

Let K be a field endowed with the discrete topology. We begin by recalling
the following definitions.

Definition. A linearly compact Lie algebra over K is simple if it contains
no non-trivial ideals.

According to [20, Proposition 4.3] a linearly compact Lie algebra is simple if
and only if it contains no non-trivial closed ideals; clearly such a simple Lie
algebra is transitive.
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Definition. Let L be a transitive Lie algebra over K and [ a closed ideal of

L. A Jordan-Hoélder sequence for (L, I) of length k is a properly nested chain
I=1,51,>L,>---2I,=0

of closed ideals of L such that, for all 0 <j <k — 1, either [,/[; ., is abelian

or there are no closed ideals of L properly contained between I, and I, ;.

If I is equal to L, we call such a descending chain a Jordan-Holder sequence
for L. The existence of such sequences for (L, I') was proved by Guillemin [20,
Theorem 6.1] (see also Theorem 12.2).

Let L, E be linearly compact Lie algebras over K and suppose that E is
endowed with the structure of a linearly compact L-module such that the
elements of L act on E as derivations of the Lie algebra E, that is,

(21.1) ¢-[nnmd =18 m,m] + [0, € 2l

for{ € L, n,, 1, € E. We define a structure of linearly compact Lie algebra M
on the linearly compact topological vector space E X L by setting

[(711, 51),(712, 52)] = (51 M =& m Tt [771’772]’ [‘51, ‘52])-

The Jacobi identity for M follows from (21.1). We identify E (resp. L) with its
image in M under the Lie algebra homomorphism i: E — M sending 7 into
(n,0) (resp.j: L - M sending £ into (0, £)). If ¢: M — L denotes the projection
sending (7, §) € E X L into &, the sequence

i@
0O-E-M->L-Q

is an exact sequence of linearly compact Lie algebras which is split by j;
moreover

&-n =[4(8),i(n)],

for £ € L, n € E. Thus M is an inessential extension of L by the closed ideal E
which we call the semi-direct product of L and E and often denote by £ © L.
A closed Lie subalgebra F C E which is also an L-submodule of E determines
a closed ideal F of M.

Let E, F be linearly compact topological vector spaces over K. If {E°} .,
(F# Jaep are fundamental systems of neighborhoods of 0 in E and F respec-
tively, we endow the tensor product E ®x F with a structure of topological
vector space by letting the subspaces

E*®yF+ E ® F?,

witha € 4, B8 € B, of E ®x F be a fundamental system of neighborhoods of 0.
The Hausdorff completion of £ ® F is a linearly compact topological vector
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space which we denote by E ® ¢ F; we have a canonical injective mapping
E®yF->E®F

which enables us to identify E ®x F with a dense subspace of E & F. The
tensor product E ® ¢ F may be canonically identified with the projective limits

lim(E/E®) ®k(F/Ff) =1lim(E/E®) ® F = limE ® (F/F*).

If one of the spaces E or F is finite-dimensional, then E ® F coincides with
E®,F.

Let F be a linearly compact (associative) algebra over K, that is, a topologi-
cal algebra over K whose underlying topological vector space is linearly
compact, and let R be a linearly compact Lie algebra over K. The tensor
product R ®x F has a structure of Lie algebra determined by

[£, ®f, & ® 5] =4, 52] ®fif

for £,,¢, ER, f,, , EF. Then it is easily verified that there is a unique
topological Lie algebra structure on R ®x F which extends this Lie algebra
structure on R ® F. Let L be a linearly compact Lie algebra. Assume that F is
a linearly compact L-module such that the elements of L act on F as
derivations of the associative Lie algebra F, that is,
¢ (i h)= (¢ f)h+hH (L)

foré € L, f,, f, € F. The action of L on R @ F, determined by

£ (n®f)=n®&-f,
for ¢ € L,m €R, f € F, extends to give us a structure of linearly compact
L-module on R ® F such that (21.1) holds for £ € L, 1,7, €ER & F. There-
fore we may define the semi-direct product of L and R ® F according to the
construction given above.

Let 1 be the trivial line bundle over the manifold Y which is associated to
J(Ty; Y). Thus Fy, = J, (1, Y), is a geometric J,(Ty; Y),-module, for y € ¥,
and a linearly compact algebra, and the elements of J, (7y;Y), act as
derivations of the algebra F,. We denote by Fy0 the kernel of m,: J (1, Y), -
Jo(1;Y),. Let L be a real transitive Lie algebra, I a closed ideal of L and L’ a
closed subalgebra of L. According to the above construction, we obtain the
semi-direct product

M= (L®xF,)®L(Ty;Y),
of the transitive Lie algebra J (7y; Y), and the J, (7y; Y),-module
L&y F,. By [6, Lemma 3.1], M is a transitive Lie algebra and, if L% is a
fundamental subalgebra of L, then
M= (L°® F,+ L&) ®JY(Ty:; Y),
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is a fundamental subalgebra of M. Moreover the J (Ty; Y) -module I Or F,is
a closed ideal of M and the semi-direct product
(L& F)®J (1Y),

is a closed subalgebra of M. We say that the ideal I &3 F, of M is the Lie
algebra I with real parameters. If the closed ideal I of L is a non-abelian and
simple Lie algebra, then it is easily verified that I &g F, is a non-abelian
minimal closed ideal of M. If L is a non-abelian and simple Lie algebra, then
as J(Ty;Y), is a simple transitive Lie algebra when the dimension of Y
is = 1, we see that

MDL®gF,D0

is a Jordan-Holder sequence for M.

Assume that the manifold X is the product ¥ X Z of Y with a manifold Z
and that p: X — Y is the projection onto the first factor. Since 7, = Ty , @ T ,,
if x = (y, z) € Y X Z, we have an isomorphism T, , - V,; thus a vector field
£ on Y determines a p-projectable vector field p~'¢ on X, while a vector field 5
on Z determines a vector field pr;'n on X, and a p-form on Z determines a
section of /\?V* over X. On the other hand, we obtain a morphism of Lie
algebras

(212) o, JQQ(TYﬂ Y)y - Joc(T, p)xa

sending j_(£)(y) into j (p~'€)(x), where x € X satisfies p(x) = y, which is a
splitting of the exact sequence of Lie algebras

0 - Jeo(V)x - Jeo(Tv p)x iJoo(TY9 Y)y - 0
If x = (y, z) € Y X Z, the mapping
JOO(TZ; Z)z ® F;z - JOO(V)x,

sending j_(7)(z) ®j (f)y) into j_(p*f - pry'n)(x), where f is a real-valued
function defined on a neighborhood of y and 4 € ¥, ,, determines an isomor-
phism

(21.3) A J(Ty; Z),® F, > J(V),

of linearly compact Lie algebras, which by restriction induces an isomorphism
MINTZ Z),® F, + I (T Z), @ FP = J3(V),.

If x = (y, z), the mapping

(21.4) A (Jol(Ty3 2), @ F,) @ I (T3 Y), = Jo(T; p)s,
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sending (£, 7) into A{ + 6,1, is an isomorphism of transitive Lie algebras
between the semi-direct product of J, (Ty; Y), and the J (Ty; Y),-module
J (T 2), & F, and J (T; p),; this mapping mduces the isomorphism (21.3)
and the 1somorphlsm
N (JUT,: 2), 8 B, + L(T5: 2). 8 EP) @ IX(Ty: Y), = J3(T; o),
of fundamental subalgebras. Therefore the mapping
Joo(TY; Y)y ®J00(V)x e Joo(V)xa

sending £ ® 7 into [0,£, 7], endows J_(V'), with the structure of a linearly
compact J_(Ty; Y) -module, and the mapping (21.3) is an isomorphism of
Jo(Ty; Y),-modules. If the dimension of Z is=>1, then J (T Z), is a
non- abehan and simple Lie algebra, and so J (T; Z), & F, and J (V), are
non-abelian minimal closed ideals of the semi-direct product and J (T; p),
respectively; moreover
(21.5) T{T: ) DI (V) D0
are Jordan-Holder sequences for the semi-direct product and J_(T; p), respec-
tively. The mapping

Joo(TZ; Z)z ® F;) - TZ,z’
sending 7 (7)(z) ® j(f)(¥) into f(y)n(z), determines a surjective mapping

w:J(Ty; Z),® F, - Ty ;

it is easily seen that the diagram

w®v!om,
UulTz:2), ®F) O (Ty; V), — T, ® Ty,

(21.6) lx lz

Joo (T p)s T.

X

is commutative.
Let L be a transitive subalgebra of J (T,; Z), and I a closed ideal of L. If
LY is the fundamental subalgebra L N J(T,; Z), of L, then

M=(L® )@/ (T,Y),
is a transitive Lie algebra, I ® F, is a closed ideal of M and

M°=(L°® F,+ L® E°) ® JU(Ty; Y),
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is a fundamental subalgebra of M. The image of M under the isomorphism
(21.4) is a transitive subalgebra of J (T; p), and the image of the closed ideal
I® F, of M is contained in J_(V'),; moreover

AM®) = JO(T; p), N A(M).
By restriction, the mapping s induces a surjective mapping
@ L®F,>T,,,
and so we obtain an injective mapping

(o* @apor')®id: (T3,073,)®C

(21.7) .
-((L& E)*®J (T Y)}) ®C.

The characteristic variety V(M, I ® F,,C) of the closed ideal 1 & F, of M
over C is a subvariety of the image of (21.7). Since the characteristic variety
V(J(V), C) of the Lie equation J,(V) is equal to T ® C, by Theorem 16.4 (i)
the characteristic variety “V.(J_(T; p),, J.(V),, C) is equal to the image of the
injective mapping

aFor* ' ®id: T*®C » J (T; p)*® C.

Therefore if L =J (T,; Z),, from the commutativity of diagram (21.6) we
deduce that the characteristic variety (M, L® F,,C) of the closed ideal
L ® F,of M is equal to the image of the mapping (21.7).

We no longer assume that X is the product Y X Z, but only suppose
that p: X — Y is a fibered manifold. Let x € X with y = p(x) and let Z be the
submanifold p~!( ) of X; we denote by z the point x considered as a point of
Z. Then there is a local isomorphism ¢: ¥ X Z — X of fibered manifolds over
Y defined on a neighborhood of (y, z) such that ¢(y, z) = x. The mapping A
defined above together with the isomorphism ¢ gives us an isomorphism of
transitive Lie algebras (21.4), which by restriction induces an isomorphism
(21.3), and a commutative diagram (21.6). Thus whenever the rank of Vis = 1,
we see that (21.5) is a Jordan-Holder sequence for the transitive Lie algebra
JolT; P

In §26, we shall require the following result which is the realization theorem
of Guillemin-Sternberg [24, Theorem III]:

Proposition 21.1. Let L be a linearly compact real Lie algebra and N an open
subalgebra of L. Let Y be a manifold whose dimension is equal to that of L /N,
andy € Y. Then there exists a morphism of pairs of topological Lie algebras

¢: (L, N) = (I (Ty; Y),, JATy; Y),)
such that $(L) is a transitive subalgebra of J (Ty; Y),.
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Such a morphism ¢ is called a transitive representation of (L, N) on
Jo(Ty; Y),. It is easily verified that the kernel of ¢ is the largest ideal DN of
L contamed in N; in particular if 7 is an ideal contained in N, then ¢ maps
into zero.

22. A class of Lie equations determined by forms

We continue to assume that p: X — Y is a surjective submersion. Let E be a
fibered manifold over Y and E’ be the fibered manifold p'E over X. If
e’ =(x,e) EE’,withx € X,e € E, then V_(E")is equal to T(E/Y). Let

p*: p7IS*TE - SkT™*
be the monomorphism of vector bundles over X, whose restriction to the fiber

over x € X is induced by the mapping
5 TS o~ IS

and denote its image by p*(S "T;). Let »
pi: P I(EY) = J(E)
be the morphism of fibered manifolds over X sending (x, j (s} »)) into
Ji(s o p)(x), withx € X, s €&, and p(x) =y
Proposition 22.1.  The morphism p, is a monomorphism of affine bundles over

p_, whose associated morphism of vector bundles is induced by the monomor-
phism of vector bundles

p* ®id: S*TE ®. T(E/Y) - S*T* ® V(E")
over E’.
Proof. Let fbe a real-valued function on Y satisfying j, _;(f )} ¥) = 0, with

y € Y. If u is the unique element of S"T;",’ , satisfying eu = j,(f)( ), then for
x € X, with p(x) = y, the element p¥u is determined by the relation

e(pru) = ji(fo p)(x).
To prove the proposition, it suffices to show that, if s is a section of E over a
neighborhood of y and £ € T, ,(E/Y), we have
(22.1) pe(x, i(s)(y) + u®§) = jisep)(x) + pfu®¢,
where £ on the right-hand side is considered as an element of ¥V}, ;,(E"). In
fact, let § be a deformation of the section s, that is, a mapping §: U X (-, £) —
E, where U is a neighborhood of y satisfying §(b,0) = s(b) and s(b, t) € E,
forb € U, t € (—¢, ¢), such that

ds(y, t) |
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Then the mapping §”: p\(U) X (¢, €) — E sending (a, ) into 5§(p(a), t) is a
deformation of the section s o p over p (U satisfying

ds'(x, t) B
dr |r=0 =§

3

considered as an element of ¥, ,,,(E"). According to [9, Lemma 5.1 and
Proposition 5.1], we know that

(22.2) Jds)(y) +u®t=jilo)(y),
(22.3) (s e p)(x) + pru ® ¢ = ji(0')(x),
where o is the section

b 5(b, f(b))

of E over a neighborhood of y, and ¢’ is the section
ar5(a,(fop)(a))
of E’ over a neighborhood of x. Since ¢’ = ¢ © p, we see that

(22.4) jk(o,)(x) = pk(xa jk(“)()’)),

and so (22.1) follows from (22.2), (22.3) and (22.4).
Now assume that £ and E’ are vector bundles over X. If ¢: E > E’ is a
morphism of vector bundles, we denote by

J(9): J(E) - J(E")

the unique morphism of vector bundles sending j,(s)(x) into j (s )(x), where
s is a section of E over a neighborhood of x. If P: & — &’ is a differential
operator of order k, let

p(P):J (E) = J(E)

be the morphism of vector bundles sending j, ., (s)(x) into j( Ps)(x), where s is
a section of E over a neighborhood of x.
For the remainder of this section, assume that E is a vector bundle over Y.
The sequence
-1 AX/Y, AX/Y pA2crs dx/y
(22.5)
= NIVER 6 — 0
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is exact, where ¢ = rank ¥, and formally exact in the sense that the sequences

Pr-1Ux;y) Pr—2x;y)

p
0 — p U (E; Y) > T (p71E) Jo_ (V* ® E)

Pr-3@x/v)

Jo o(A?V*®4 E) v T NIV* @y E) —0

(22.6)

are exact for k = 0..Indeed, it is easily seen that the sub-bundle p*T% @, E of
T* @ xE, corresponding to the differential equation p,(p"Vy(E; Y)) C J(p”'E)
on p~'E, is involutive. Moreover the sequences

0> p*(S*TE) ®xE — SKT* ®yE - S*"'T* @ V* @yE > - -+

S SN RE > T QAW @4E > A* @yE - 0,
whose mappings are induced by the mappings p,(d x,v)> are exact and (22.5) is
the Spencer sequence of this formally integrable first-order equation on p 'E
constructed according to the method of {8, Theorem 5.1]. Furthermore, if
R, CJ(A\V*®yE), with r = 1, is the differential equation equal to the
kernel of py(dy,y), from the involutivity of p*T3 ®x E and the exactness of
the sequences (22.7) and (22.6), we deduce by [8, Proposition 4.3] (see also the
proof of [3, Theorem 4.4]) that g, is involutive and that R, is formally
integrable, with myR, = /\"V* ® y E. According to [10, Theorem 3], the exact-
ness of the sequences (22.5) and (22.6) implies that

(22.8) H(p (0" V(E;Y))) =0, HI(R)=0, forj>D0.

By Proposition 16.4, for x € X, the characteristic variety V. (p,(p"Y(E; Y)), C)
is equal to the subspace p}T% ., ® C of T¥ ® C. From the exactness of the
sequences (22.7), we see that the characteristic variety V.(R,,C) is equal to
T*® C.

Next we recall the following formulas. If ¥ € 5* ® J(T) and uy = myu,
flg = 7! o uy, then, for £, n € F, we have the identity
(§Am, D= »[(id + @#g)§, (id + @g)n] — (» + uo)[§, ]

_B(”_lu(g))((” + ug)n) + B(v‘lu(n))((v t+ “o)g)’
which is given by [18, Lernma 3.1} and which is equivalent to the identity

o[£, 1) =[do(£), fig(n)] +[do(£), n] + £, dip(n)]
(22.10) —v 12 (v () ((v + ug)n)
+r (v u(n)) (v + ug)€) =7 KE A, Dyu).

(22.7)

(22.9)
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The relation (22.9) is analogous to the formula for the operator ®, on
J(F )* ® J(F) of Lemma 1.3:
ENnm, Duy= —[(d — @), (id — do)d] + (id — @,)[, 7]
— (v = uo) {£(u(£))n — £(u(n))£},

where u € J(T)* ® J(T ), uy = myu, iig = ugovand &,m €Jy(F), E=»7'¢,
i=»'n.

If ue T*®J(T), we set #=»"'oye& T*®T. The mapping sending
a € /\T* into the element

a*=(id + d)*a = a o (id + #@)

of AT*, where id is the identity mapping of 7, is an endomorphism of the
exterior algebra /\T*. If u € (T* ® J(T))", it is an isomorphism; if u = 0, it
is the identity mapping. If « € A\ °T* then o*= a. We also set a* =
v* Y(v*a)*, fora € NJ(T)*. Forv =B®n € AT*® T and a € \T*, we
define the element

(22.11)

vR,e=B A (i(n)a)"
of AT* and extend this operation to arbitrary v by linearity. Then
(22.12) vk (a N B) = (vR,a) AB*+ (-1)"7a* A (vr,B),

for all v € N?T*® T, a € N\IT*, B € /\T*. Next, if u is a section of
T* ® J(T), forv =B ® 5 € NJ(T)* ® J(T), a € NJy(T )*, we define the
element

L (v)a=BA(L(7)a)"

of NJ(F)* ®J(T) and extend this operation to arbitrary v by linearity.
Then

(22.13) £,(0)(a A B) = (E,(0)a) A B+ (-1)%a* A (2,(0)B),

for all v € NJ(TY* @ J(T), a € NU(T)*, B € NJ(T )*; moreover if
0 € Jy(T )Y ®J(T), a € Jy(T )*, then

ENA L (v)a)y={(id +uocr )y, L(v(§))a)

22.14
( ) —((id + uov_l)g, £(v(n))e),

for¢,m € Jy(9).
If u is a section of T* ® J(T) and w is a form on X, then the following
proposition gives us the fundamental formula (22.15) relating dw* and (dw)*.
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Proposition 22.2. Let w be a section of /\T* and u a section of T* ® J(T)
over X. Then

(213)  don = () = (7 0 D)0 = 1, (@) o),

where u, = myu and @t is the section (v*™' ® v~ Yu of J(T)* ® J(T).

Proof. Let u be a section of T* ® J|(T) over X; we set i, = »™' o u,. Since
d is a derivation of /AT * of degree 1 and the relations (22.12) and (22.13) hold,
it suffices to verify (22.15) when w is a real-valued function f or a 1-form on X.
In the first case, for ¢ € 5 we have

(& df— (df)y=¢-f=[(d +ag)e] - f= —ao(&) - f
= — (6 R(R)f )= — (& L, (),

which reduces to (22.15) with w = f. Next, suppose that w is a 1-form on X; for
¢,m € 9, we have by (22.10) and (22.14)

(N, doty=£-(n,0)—n- (& wo)—=([£ 1], o)

=& (n0)y=n- (& w)y— (& 0], o)
+§ - (), ) — 1 - (G(§), w) = (Hp[4, ], w)

= (EAn, doy+ & (ig(n), @)= - (iig(£), w)
_<[ﬁo(£), f‘o(n)]’ w)y— <[ﬁo(£), 71]’ @)
—([& a(m)]. o)+ (T2 u(O)) (¥ + uo)n), ©)
— R (ru(m)((r + ug)é), @)
(@ ENA D, D), w)

= (EAm, doy+ & (g(n), w)— 1+ (He(¢), @)
—([@o(£), @o(m)], @) = ([de(£), 0], @)
_<[£, ﬁo(n)], w)+ iig(§) - ((id + dg)n, w)
—idig(n) - {(id + )£, wy— (v + up)n, £(»7'u(€))(»*"'w))
#(+ ) £ ()7 o))
+(END (v o Du)rw)

=N, (do)°+ (v“ o SDlu) Aw — V*Euo(ﬁ)(v*'lw)),

from which we deduce (22.15) when w is a section of 7* and hence also in the
general case.

Let f: X — X be a local diffeomorphism defined on an open set U. If £ is a
vector field on U, we define the vector field f, £ on f(U) by

(£,8)(x) = £, (&(f ' (x))),
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for x € U. If w is a section of /\ T* over X, it is easily seen that
(22.16) (&) f*0 = f*R(f.f)w.

If £ is a p-projectable section of T over an open set U C X and n € N\,
then £(£€)n € AYV; if w is a section of AV*, then £(§)w is the section of
A V* satisfying
(22.17) (n, L(&)w)=L(&){m, @)~ (E(&)n, @),
for alln € AV, If f: X > X is a p-projectable local diffeomorphism defined
on U, then f,£ is a p-projectable vector field on f(U) and formula (22.16)
holds. If g is a real-valued function on Y, then

L((g=p)é)o=(g°p)E(§)ew.
If £ is section of V, then
(22.18) L(&w=dy y(érw) + Erdy, yo,
and so
E’(g)dX/Y"‘) = dX/YB(g)w;

if w is a section of /\V* ® v E, formula (22.17) or (22.18) defines a section
L(&)w of AV*®LE. If §€J(T;p) and a € NJ(V)*, then L(¥)a €
NJ(V)* is determined by

(22.19) (0, R()ay=L(E)(n, &) — (E(E)n, o)
for all 3 € AJy(V). Moreover if £ € J(V), a € NJ(V)* ® &, formula
(22.19) defines £(£)a € NJy(V)* @4 E.

If u is a section of V* ® J(V), the operations depending on « described
above are easily modified to define elements o vA,a of AV* ®4E, for
a E ANV*®E, vE AV*®V, and £ (v)a of NJ(V)*®&,, for v E
NILVY* ®J(V), a € NJ(V)*®&,. If u€ T*®J(V) and a €
AV*®xE, we set a* = a®, where v = u,. According to (1.5) and the
definition of the bracket on AT* ® J(T), for u € T* ® J(V) the element
D 1y 52 f NV* ® J(V) depends only on u,,; we set

@1,X/Y(u|v) = (@1u)|/\2v
and thus obtain an operator
Dy xsy: VFOJ(V) = AZV* @ Jy (V).

The following proposition is a generalization of Proposition 22.2 and gives us
the fundamental formula (22.20) relating d,y«" and (dy,yw)*, where u is a
section of T* ® J(¥) and w is a section of A\ V* @y E over X.
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Proposition 22.3. Let w be a section of \V* ®xE and u a section of
V* @ J(V) over X. Then

(22.20) dyjyw' = (dy/y0)” = (”-l ° @1,X/Y”) Ry @ — VL, (#)(r ),

as sections of /\V* Q@ xE, where uy = myu and i is the section (v*™' ® v™)u of
Jy(V)* @ J(V).

Proof. 1f we restrict the forms of both sides of (22.15) to /\V, we obtain
(22.20) when « is a section of /AV* The proposition is an immediate
consequence of this special case.

We now introduce a class of Lie equations determined by forms. Let w be a
section of /\ V* ® » E over X, and let

D, Vo NANV*® b,

be the linear differential operator sending £ into £(£)w. The kernel J,(V; w) of
Pr—(D,) is a sub-bundle of J, (V') with possibly varying fiber. Then £ € J;(V)
belongs to Ji(V; w) if and only if E(é)v*'lw =0, where £ = »~'£. It follows
that if J(V; @) is a vector bundle, then it is a Lie equation whose kth
prolongation is J, , (¥; w), and which is the Lie equation determined by the
form w. Let g(V; w) C SY(T)* ® J(V) be the kemnel of 7,_;: J(V; w) -
Jo (Vi w), where Jy(V; w) = Jo(V).

In §23 and §24, we shall consider sections w, and the corresponding Lie
equations, satisfying the condition of the following:

Proposition 22.4. Let w be a section of /\"V* ® xE over X, withr= 1. If
there are isomorphisms of vector bundles

o: V- NAN""*®,E,
7. N'V*QyE > N\N'V*QxE

over X such that the diagram

D

/\r—-l i dX/Y A\T oy E
V*EQ by ——> NV ® by
commutes, then J|(V; w) is a formally integrable Lie equation, g(V; w) is
involutive, my: J(V; w) = Jo(V') is surjective, and
(22.21) H/(J,(V;w)) =0, forj>0.

Moreover, for x € X the characteristic variety of J(V; w) over C is equal to
PiTy oy ® Cifr=lLortoTy ®Cifr> 1.
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Proof. First if r = 2, since o, 7 are isomorphisms and the sequence (22.6) is
exact, J,(V; w) is equal to the image of the kernel of

Pk—l(dX/Y):Jk(/\ Ty ®XE) > J(N\N'V* ®xE)
under the isomorphism
J(6): J (N7 @ E) - I (V)

induced by o~!. Next if » = 1, the commutative and exact diagram

D
0 —> J (Vs w) T(V) Pr-1Po) Joey(V*®4 E)

(22 .22) l JJk(O) le -1 )

Py lxy)
XY g ((VF ®y E),

o]
0— 0" Y (E; Y) > T (o7 E)

whose mappings J,(¢) and J,_,(7) are isomorphisms of vector bundles,
induces an isomorphism J(V; w) > p~'J,(E; Y). The conclusions of the pro-
position are direct consequences of our discussion of the sequence (22.5) and
the equations p,(p"VJ\(E; Y)) and R,, and of (22.8).

A local mapping X —» X over Y is a p-projectable mapping inducing the
identity mapping of Y. If f is such a local mapping X — X over Y, let ®_f
denote the section f*w — w of AV* @y E. Let

Pe—i(D,): QV) » e (AV* @xE)
be the morphism of fibered manifolds over X sending ¢ = j (f)a) into

Je—1(®,f)a), where f is a local diffeomorphism of X over Y defined on a
neighborhood of a € X. If target ¢ = b, we define an isomorphism

¢ S (ANV* O E)y > S ((AV* @xE),
by setting
‘i’(‘jk—](“)(b)) = jeo( f*u)(a),

where u is a section of /\ V* ® x E over X; then the diagram

@) ,
V¢(Qk(V))ﬁ°—1(~—)-—>Jk_l(/\V ®y F)

(22.23) Tf?’ I¢

~ Pr_1 D)o v
T (), =2 J,_(AV* ®4 E)
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commutes. Indeed, if g, is a one-parameter family of local diffeomorphisms of
X over Y defined on a neighborhood U of b, with g, the identity mapping of
U, we set Y(t) = j,(g,)(b) and let £ be the section dg,/dt |,_, of V over U; then

AHE) =290 | _,

and
Pt @)+ $((E)(B) = P (D)2 0(0) - | _,

e (D)D) |y

— 4 (g 10— )@ | Ly

= L7 - gre)(a)

=0
d .
= L6 jr(80)B) |
d .
=6 Zi(gr0)(8) |,

= ¢t 8o |,o)®)
= ¢ Ji—1(L(&)0)(b) = ¢(pr—i(D,)jn(£)(D)).

From the commutativity of (22.23), we see that J(V; w) is a vector bundle if
and only if p,_,(® ) has constant rank. Let

J(D,): Jk(Ql(V)) - Jk(/\V* ®XE)

be the morphism of fibered manifolds sending j (¢)(a) into j,(p(D o) a),
where ¢ is a section of Q,(¥") over a neighborhood of a € X; then the diagram

9
00rs 1 222, 1 Ayt ey p)
(22.24) lxk lid
(%)

J 0, (V) —— T (AV* ®4 E)

is commutative.

Let Q. (V; w) be the sub-groupoid of Q, (V) consisting of the k-jets ¢ €
Q.(V) satisfying p, (D ,)¢ = 0. An element ¢ of Q,(V') belongs to Q,(V; w)
if and only if ¢(»*"'w) = »*'w. By [9, Proposition 2.1], if J(V; w) is a vector
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bundle, then Q,(V; w) is a fibered submanifold of Q,(V') and a differentiable
groupoid which is a finite form of the Lie equation J,(V; w), whose solutions
are the local immersions f: X — X over Y satisfying f*« = w. Moreover from
the commutativity of (22.24) and [9, Proposition 4.4], we deduce that if
J,(V; w) is a vector bundle, then
MQp (Vs @) = M@y (V) NIV w))
= MQis1 NI(Q(V; ),

since Q. (V) =(Q,(V));, therefore if J(V;w) is a vector bundle,
Q. (V; w) is the k th prolongation of Q,(V; ). We write

2.(V;w)=8, N2(V; @);
thus by Proposition 7.2, if Ji(V; w) is a vector bundle, we have
(22.25) D(2,(V; 0)) CT* @ J(V; w).

The following lemma is needed for our study of Q,(V; ) and provides us
with a partial converse to Lemma 2.3:

Lemma 22.1. Let ¢ be a section of Ql, with med = f, and u a section of
(J(T)* ® T)" . Then the following are equivalent:

() Do = u;

(ii) ¢ is the section j(f) — fouovw off’?,l.

Proof. By Lemma 2.3 (ii), j,(f) — fo u o v is a section of Ql. According to
Lemma 2.3 (iii), it suffices to prove the following: if ¢, ¢, € Ql satisfy
7,9 = myp, and D¢ = D¢, then ¢ = ¢,. In fact, by (2.41)

D(¢-97') = 6:(De) + Do = ¢:(De) + D' =D, - ¢7') = 0.
Therefore ¢ - ¢7' = ji(m(¢ - ¢7") =j(I,) and s0 ¢ = ¢,.
Recall that if u € (T* ® J(T))", then according to Lemma 2.2 we obtain
an element # € (J(T)* ® J(T))" such that
v l—a=(v+u) 1 J(T) - J(T).
Ifk=0,fora € AV*®yE, £ € /\V, we have
(22.26) (&, ay=((id +»'ou)(id —#or)é, a)={(id — it o v)§, a®).
Proposition 22.5. Let w, o be sections of \NV* @ vE and u a section of
(T* ® J(V))" over X. Let f be a local immersion X - Xover Y. Then:
()¢ =ji(f) — fo i ovisasection of L (V) satisfying D¢ = land D¢ = u;
(i) we have

(22.27) (£ 0 0)=((r"' — )i, fro),

for &£ € NJ(V), and $(v*~'w) = v*"'a if and only if f*w = a*;
(iii) ¢ is a section of 2 ((V; w) if and only if f*w = w*.
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Proof. (i) By Lemmas 22.1 and 2.2 (iii), we need only show that ¢ is a
section of Q,(¥). By Lemma 2.3 (i), we have ¢(£) = »(f(r~' — 21)¢), for
£ € Jy(T), and so pop(£) = pé. The desired result is a consequence of Proposi-
tion 6.1 (ii).

(ii) For £ € NJy(V)*, we have

(& 0(r*0))=(9(§), v* )= (p(f(r™" — @)E), r* )
= i), fre),
and according to (22.26)

& r¥lay= (v — )&, a").

Since »~' — @: J(V) » V is invertible, we deduce that ¢(r* 'w) = « if and
only if f*w = a*

(iii) is an immediate consequence of (i) and (ii), with @ = w.

From Lemma 22.1 and Proposition 22.5 (iii), we deduce that

1

(22.28) fro = o,

for ¢ € 2 (V; w) with f = my.

A section u of (T* ® J|(V; w))” determines a section w* of AV* @xE,
where u, = myu. In the next proposition, we investigate the relationship
between the integrability condition ©,u# = 0 on u, an integrability condition
(22.28) on w* and the existence of local diffeomorphisms f: X - X over ¥
satisfying f*w = w*o.

Proposition 22.6. Let w be a section of \NV* @xE and uy a section of
(T* ® J(V))" over X. Let f be a local diffeomorphism X — X over Y defined on
a neighborhood of a € X. Then of the following assertions, (1) and (ii) are
equivalent while (ii1) implies (iv):

@) fro = @
(ii) there is a section ¢ of QI(V; w) over a neighborhood of a satisfying my¢ = f
and D¢ = ug;

(iii) there is a section u of (T* ® Jy(V; w))” such that myu = uy and Du =0
on a neighborhood U of a;

(iv) we have

(22.29) dy,y0* = (dy,yw)™

on a neighborhood U of a.
Moreover, if J(V; w) is a vector bundle and the finite form Q,(V; «) of
J(V; w) is formally integrable, assertion (1) or (ii) implies (iii).
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Proof. The equivalence of (i) and (ii) is a consequence of Lemma 22.1 and
Proposition 22.5. Next assume that (iii) holds. If we write J(V; )=
» J(V; @), then & = (»*™! @ »7')(1;,) is a section of Jy(V)* ® J(V; @), and
0

£(#)(r*1) = 0,
where v = u;,. Since D, y,y(u;,) = 0, we apply Proposition 22.3 to w and u,,,
to obtain (iv). Finally, assume that J)(V; w) is a vector bundle and that
Q(V; w) is formally integrable, and that (ii) holds. There is a section ¢ of
QZ(V; w) over a neighborhood of a such that 73y = ¢; then by (22.25), u = D¢
is a section of (T* ® J(V; w))” satisfying myu = uy and D,u = 0.

The proof of part (i) of the following proposition resembles the argument
used to prove Proposition 7.6 (see also the end of the proof of Theorem 8.1).

Proposition 22.7. Let R, C J(T) be a formally integrable Lie equation. Let
P, C Q, be a finite form of R, whose Ith prolongation we denote by P, , ;. Assume
that w,: P, — P, is surjective.

W Ifue Z—'(Rk)a, with a € X, and 1 is the image of u in Zl(Rk)a under the
mapping (1.13) and ¢ € @k,a, then the following assertions are equivalent:

(@) D¢ =m_,u;

(b) Do = 1;

(c) there is an element ¢, € Gij +1 Satisfying

md = ¢, Do =u.

(ii) Suppose that P, is a formally integrable and integrable finite form of R,. If
u€ Z(R +)g and 1 is the image of u in ZY(R +)a then the following assertions
are equivalent:

(a) the cohomology class of u in H' (Pk )k, q Lanishes,

(b) the cohomology class of 4 in H'( (Pi)k,q vanishes;

() there exists ¢ € G_Pk, satisfying D¢ = m,_u.

(iii) Suppose that P, is a formally integrable and integrable finite form of R, . If
foralue zZ (R )a» With a € X, we can solve the equation D = T _ U, for
¢E§Pk ,then H(P,), ,= 0, forallm =k, a € X.

Proof (i) Clearly (c) = (b) = (a). We now verify that (a) = (c). Suppose
u€ Z(R,),and ¢ € G_Pk satlsfy (a) with (mg¢)(a) = b. Choose ¢, € @kH .
with 7,4, = ¢. Since (7,_,u)*" = 0, we have

uhi' € (H(T)*®g),
and (see §1)

du¥’' = _Du¥' = —%wk[u"’fl, u'] = 0.
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Since g, is 1-acyclic, there exists v € g, ., such that v = u¥i'. According to {9,
Proposition 7.1}, m,: P, — P, is an affine sub-bundle of =,: Q, +upe = Pes
and so the mapping (7.4), with / = 0, namely

. Ok
9: Qi1 N Pryy = 8krrs

is an isomorphism of Lie groups over X and thus ¢, = 3"'v belongs to
21 N Ppr- By (2.38),

Dy, = b = ¥’
andy;' -y, € G:Pk+1,b’ with my(¢7" - ¢, (b) = a; then
u‘Pl_]"PZ = u‘PI_I + 54,2 = 0'

Hence ¢, = ¢5' - ¢, € @k+l , satisfies m,¢, = ¢ and D¢, = u.

(ii) Clearly (a) = (b) = (c). We now verify that (c) = (a). If u € Z\(R i)a and
¢ €9, , satisfy Do = m,_ 4, then according to (i) there exists ¢, € Pt 1.0
with m,¢, = ¢, such that D¢, = u. Since P, is integrable, there exists f €
Sol(P,), such that j,, ( f)(a) = ¢,(a). Then j, . (f™") - ¢, belongs to ?Pkﬂ’a,
and by (2.41)

@(jkﬂ(f_l) : 4’1) = 54’1 = u.

(iii) is a consequence of (ii) and Proposition 7.8.

From Propositions 22.5 and 22.7 (iii), we obtain directly:

Proposition 22.8. Let w be a section of \V* @y E. Assume that J(V; w) is
a formally integrable Lie equation and that Q (V; w) is a formally integrable and
integrable finite form of J(V; w). If for allu € (T* ® J(V; )., with a € X,
satisfying © u = 0, there is a local diffeomorphism f: X — X over Y defined on a
neighborhood of a satisfying f*w = w"°, where uy, = myu, then

H(Q(V; ©)),0 =0, H'(1(V;0)),=0
forallm=1l,ac X.

The sub-bundle Q (V) of Q, is a formally integrable and integrable finite
form of the formally integrable Lie equation J;(¥'), and its kth prolongation is
Q,.+1(V). The following proposition is a special case of Theorem 8.1 and also
follows directly from Proposition 22.8 with w = 0, taking f to be the identity
mapping of X.

Proposition 22.9. For allm = 1, a € X, we have

F(Q(V)pa =0, H(5(V)), =

By the exactness of (1.3), we also have

H/(J(V)) =0, forj>0.
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If x € X, there are structures of analytic manifolds on a neighborhood U of x
in X and on p(U) compatible with the structures of differentiable manifolds on
X and Y such that p, is analytic. Then J(T; p) is a formally transitive and
formally integrable analytic Lie equation; since J,(V) C J(T; p) is a formally
integrable Lie equation satisfying (6.3), for x € X and j > 0 we have

H/(J(T; p)s, Jo(V):) = H/(J(V)) =0,
HYJ(T;5 0) s Jo(V)) = H'(J(V)) = O,
by Proposition 22.9. ‘
Let Z be a manifold and assume that p: X — Y is the fibered manifold pr,:
YXZ- Y. If x=(y,z) € X, from the properties of the isomorphism (21.4)

of transitive Lie algebras given in §21 and (22.30), we deduce:
Proposition 22.10.  If Z is a manifold, then forz € Z andy € Y, we have

H((J(T2:2),8 F) @ J(Ty; Y),, J(T5; Z),® E,) =0
forj >0, and
A'((Ju(T2: 2), 8 E) © J(Ty; Y),, J(T; Z),® E,) = 0.
Finally, we assume again that p: X — Y is an arbitrary surjective submer-
sion, and further that E is a trivial vector bundle over Y. If { is a p-projectable
vector field on X, formula (22.17) defines a section £(£)w of A V* ®x E, while

formula (22.18) determines an element L(£)a of AJy(V)* ®xE, for all
£ € J(T; p), « € NJ(V)* ® &,. The differential operator

D3, > NV*® &y,

(22.30)

w

sending £ into £(£)w, extends the differential operator considered above; the
morphism of vector bundles

(22.31) Pi-1(D,): J(T; p) - k—l(/\V* ®XE)
determined by this operator D,, sending j(§)(x), with £ €9, . into
J—1(D, €)X x), is an extension of the morphism p, ,(D,) considered above.

The kernel J,(T; w) of (22.31) is a sub-bundle of J,(T; p) with possibly varying
fiber and satisfies

J(V;0)=J.(V) NJ(T; w).

An eclement ¢ of J(T; p) belongs to J(T; w) if and only if £(&)r*w =0,

where £\= p71¢ It follows that if Ji(T; w) is a vector bundle, it is a Lie

equation whose kth prolongation is J, , (T; w). Moreover, we have the exact
sequence ‘

0= J(V; @), = JUT: @) > I Ty; Y)

p(x)
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for x € X, and
[Jes T @), Tt o(T; @)] CILT; 0),
[Ves(T5 @), eV @)] C I (V5 @),
for k = 1. For x € X, we write

J (T @), = liian(T; @) s

(22.32)

J(V; @), =hmJ (V; w),;
by (22.32), J (V; w), is a closed ideal of the linearly compact Lie algebra
J(T; w),.
Let Z be a manifold and assume that p: X — Y is the fibered manifold pr;:

Y X Z - Y. Denote by ¥’ the integrable sub-bundle of T consisting of vectors
tangent to the fibers of pr,: ¥ X Z — Z. We have the decomposition

T=Ve,
and p induces an isomorphism
p: V' = p'Ty.
If { €T(Y,Ty), then ¢ =p’'{ is the unique p-projectable section of ¥~

satisfying p& = {. Clearly J,(V’; p) is a formally integrable Lie equation whose
kth prolongation is J, , (¥’; p) and p induces an isomorphism

p: (V5 p) = 7 V(Ty; ¥),
whose inverse we denote by
(22.33) o: 0 U(Ty; Y) = (V5 0).
For x € X, with y = p(x), and { € I'(Y, Ty), the mapping (22.33) sends
(x, ju(§)(y)) into
a.(J($)(») =ilp8)(x),
and we have
(22.34) [0.£, am],
for§,m € Ji/(Ty; Y),. The mapping
0. J(Ty; Y), = J(T;p),

determined by (22.33) with £ = co is equal to the mapping (21.2) and its image
is J(V"; p),. Moreover, we have the decomposition

J{T50) =T (V) ®J(V'; p);

for k = oo, this gives us a decomposition of J (T; p), as the semi-direct
product of its closed subalgebra J_(V”; p), and its closed ideal J(V),..
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Let w, be a form on Z with values in the vector space £. We assume now

that the vector bundle E is the trivial vector bundle over Y whose fiber is the
vector space E and that w is the section &, of /\V* @y E determined by the
form w,. The p-projectable vector field p~'¢ on X determined by a vector field ¢
on Y clearly satisfies the relation £(p™'¢)w = 0. Hence we have the decomposi-
tion
(22.35) J{(T; @) = J (V5 @) @ J(V'; p).
Moreover for x = (y, z) € Y X Z, the image J_(V”; p), of the morphism of
Lie algebras (21.2) is contained in J_(T; w), and J(V; w), is a J (Ty; Y),-
submodule of J_(V),, and J (T; w), is the semi-direct product of its closed
subalgebra J_(V; p), and its closed ideal J_(V; w),. Therefore the sequence

o

is exact for 1 <k < o0. It is easily seen that the image of the semi-direct
product

(Jw(TZ; wZ)z ® Ey) ® Jw(TY; Y)y
under the isomorphism (21.4) is equal to J_(T; ), and that the restriction
M T (T @z), © F, > I (Vs 0),

of the mapping (21.3) is an isomorphism of J,(Ty; Y) -modules.

23. Some simple Lie algebras with parameters

Let g be the rank of ¥ and assume throughout this section that ¢ = 1. Let E
be a vector bundle over Y and r = 1. A section w of A\ "V* ® yE over X is said
to be non-singular if the mapping

(23.1) w: V> AP @ E,

sending £ into £ & w, is an isomorphism of vector bundles over X.

Proposition 23.1.  Let w be a non-singular section of /\ "'V* ®  E over X.

(i) Ifuisasectionof T* ® J(V') over X, then u is a section of (T* ® Jy(V )"
if and only if w* is a non-singular section of /\"V* ® x E over X.

(i) If f is a local mapping X — X over Y defined on an open set U, then f is
an immersion of U if and only if f*w is a non-singular section of \"V* @y E
over U.
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Proof. (Y)IfueT*®J(V)ando=(Gd+»'o u)y, the diagram

v Ny L E

Y, ALy ®y E

commutes; the mapping «* is an isomorphism if and only if the mapping v is
an isomorphism, or equivalently if u € (T* @ J(V)".
(i) For x € U, the diagram

%*
v, L9, (Artre ey B,

ool

w —
Viey — (NTIV* @y E)yiyy

is commutative; thus the mapping f*w of the diagram is an isomorphism if and
only if f,: V, - ¥V}, is an isomorphism, or equivalently if and only if fis an
immersion on a neighborhood of x.

In this section and the next, we shall examine three types of non-singular
sections of the vector bundles /\"V* ® v E and the corresponding Lie equa-
tions. For the remainder of this section, we assume that £ = 1 and that r = ¢
orr=2.

A section of /\ 7V* is non-singular if and only if it does not vanish at any
point of X. A non-singular section w of /\ ?V* is called a volume form along
the fibers of p; the restriction w X, of w to a fiber X, = p “I(y), withy € Y, isa
volume form on X, If w is a non- smgular section of A\ 2V*, then the rank of ¥
is even and equal to g = 2p, with p = 1; if g is even and equal to 2 p, a section
w of AN2V* is non-singular if and only if the section w” of /\ ?F* does not
vanish at any point of X. A non-singular section w of /A\*V* is called a
symplectic form along the fibers of p if dy,yw = 0; the restriction X, of such
a symplectic form w to a fiber X, with y € Y, is a symplectic form on X If X
is the product Y X Z of Y w1th a manifold Z and p: X — Y is the pro_]ectlon
onto the first factor, and if w; is a volume or symplectic form on Z, the section
&, of /\"V* determined by w is a volume or symplectic form along the fibers
of p.
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Proposition 23.2. Let w, o’ be two non-singular sections of /N"V*. If r =2
or r = q, then for all a € X, there is a section u, of (T* ® Jy(V))" such that
w’ = w" on a neighborhood of a.

Proof. There are frames {a;, - ,a,}, {a], - -, 0} for V* over a neighbor-
hood U of a € X such that

—_— I 4 !
o= N Ne, @ =a A Ao,

when r = g, or such that

4

P
w= 2 G Ney, =
Jj=1 J

4

’
®z5-1 /\0‘2/,

Il s

1

when r = 2, according to Cartan’s lemma. Let v be the section of V* ® V over
U satisfying v*(a;) = @}, for 1 <j < g, and let u,, be a section of T* ® Jo(V')
over U satisfying (id + »7' o ug)y = v. Then o’ = w*, and u, is a section of
(T* ® J(V))" by Proposition 23.1 (i).

Let w be a non-singular section of /\"V*. Assume that either » = g, or that
r=2 and « is symplectic. Since dy,yw = 0, by (22.18) the hypotheses of
Proposition 22.4 are satisfied with ¢ equal to the mapping (23.1) and 7 to the
identity mapping of /\"V*. Therefore J,(V; ) is a formally integrable Lie
equation whose kth prolongation is J,, (V; w), and Q,(V; w) is a finite form
of J,(V; w) whose kth prolongation is @, ;(V; w); moreover my(J(V; w)) =
Jo(V) and (22.21) holds.

Let (w, y) be a local coordinate for X on an open neighborhood Uof a € X
compatible with p, that is, w = (w',- - -,w7) is a coordinate along the fibers of
pandy = (y',---,y™) is a local coordinate for Y on p(U). First, suppose that
w is a volume form along the fibers of p; then w is the restriction to /\ /V of
the g-form

hdw' A -+ Adw,

where 4 is a real-valued function on U. We solve the equation dg/dw' = & for
a real-valued function g on a neighborhood of a. If z! = g, z/ = w/ for j = 2,
then w is the restriction to /\ 7V of the g-form

dz' Ndz? N - Ndzd,

and (z',---,z% y',---,»p™) is a local coordinate on a neighborhood U’ of
a € X compatible with p. A vertical vector field £ = 39_,£/3/9z/ on U’ is a
solution of J,(V; w) if and only if

9 J

j=1 3zj



LIE EQUATIONS. V 627

Next, if w is a symplectic form along the fibers of p, according to Darboux’s
theorem with parameters, there are functions z!,- - -,z7 on a neighborhood of a
such that w is the restriction to /\ *¥ of the 2-form

p
N dzV AN dz
j=1

Since w is non-singular, (z',---,z% y',---,y™) is a local coordinate on a
neighborhood U’ of a compatible with p. In either case, the vertical vector field
q ] a
(23.2) = 22—
dz/

j=1
on U’ satisfies £(§,) = rw and £(p*f- &,) = ro*f - w, if f is a real-valued
function on p(U’). Clearly we may assume that z/(a) = 0 for 1 <j < g; then
we have §,(a) = 0. :

Proposition 23.3. (i) Let w, ' be two volume or two symplectic forms along
the fibers of p. If a, b € X, with p(a) = p(b), there is a local diffeomorphism
f: X - X over Y defined on a neighborhood of a such that f(a) = b and
ffo=w.

(i) If w is a volume or a symplectic form along the fibers of p, then Q(V; )
is a formally integrable and integrable finite form of the formally integrable Lie
equation J(V; w), whose kth prolongation is Q, . (V; w).

Proof. (i) There are local coordinates (z, y) on a neighborhood U of a and
(z’, y) on a neighborhood U’ of b compatible with p, where y = (', - -,y™) is
a local coordinate for Y on a neighborhood of p(a). From the above discus-
sion, if w and w’ are volume forms, we may assume that w is the restriction to
AV of the g-form dz' A - - - Adz?9 on U and that «’ is the restriction to A\ 7V
of the g-form dz’' A --- Adz'? on U’; similarly, if w and «’ are symplectic
forms, we may suppose that w is the restriction to AV of the 2-form
32_,dz% ! Adz* on U and that «' is the restriction to /\*¥ of the 2-form
3P_,dz’"' Adz’* on U'. We may also suppose that z(a) = z'(b). The
mapping f defined on a neighborhood of a sending the point of U with
coordinate (z, y) into the point of U’ whose (z’, y)-coordinate is equal to
(z, y) is a diffeomorphism over Y and satisfies f(a) = b and f*w = w’, since
z'o f=1z.

(ii) We begin by proving that for ¢ € Q,(V; w), with source ¢ = q, there is
a local diffeomorphism f: X — X over Y defined on a neighborhood of a such
that j,(f)(a) = ¢ and f*w = w. If we take &’ = w in (i), we see that it suffices
to verify this assertion when target ¢ is also equal to a. Assume that (z, y) is a
local coordinate compatible with p on a neighborhood U of a, with z(a) = 0
and y(p(a)) = 0, satisfying the conditions with respect to w described in the
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proof of (i): Let ¢ € Q,(¥') with source ¢ = target ¢ = a. If ¢: JQ(T)a - JO(T)a_
sends »(9 /3z7) into Z{_, a}v(a/az’), for 1 <j< g, and »(9/9y') into »(3 /0y’
+ 37, Bl3/dz"), for 1 < i< m, then the mapping f defined by

f(Z’ y) = (fl(zs y),"',fq(Z, y)’ yl,.__,ym),

with
q m
e y)= 3 el + 3 B,

=1 i=1
is a local diffeomorphism of X over Y on a neighborhood of a which satisfies
7i(fXa) = ¢; moreover f*w = w if and only if ¢p(r* lw) = r*lw, or if ¢ €
Q(V; w). Thus we have verified our assertion, which implies that 7;: Q,(V; w)
- Q(V; w) is surjective. Since g,(¥; w) is 2-acyclic and g,(V; w) is a vector
bundle for £ = 1 by Proposition 22.4, we apply [9, Theorem 8.1] to Q(¥V; w)
and deduce that it is a formally integrable finite form of J,(V; w). With respect
“to the analytic structure on U determined by the coordinate (z, y), the form
is analytic and the open sub-bundle of Q(V; w)lU consisting of all elements
¢ € Q,(V; w) with source and target belonging to U is an analytic and
formally integrable differential equation on U, and therefore integrable. That
Q(V; w) is integrable now follows from (i) with © = ’.

The equivalence of assertions (i) and (ii) of the following proposition shows
that the mapping 7* ® J\(¥V) » A7F*, sending v into w*, with u, = mu,
induces a surjective mapping from Z'(J,(V; w)), to the set of germs at a € X
of volume or symplectic forms along the fibers of p.

Proposition 23.4. Let w be a volume (resp. symplectic) form along the fibers
of pand let a € X. If o' is a section of /\V* (resp. /\ *V*) over a neighbor-
hood of a, the following assertions are equivalent:

(1) ' is a volume (resp. symplectic) form along the fibers of p on a
neighborhood of a;

(il) there is a section u of (T* ® J(V; w))" such that D ,u = 0 and o’ = w*,
with uy, = myu, on a neighborhood of a;

(i) there is a section ¢ of QI(V; w) over a neighborhood of a such that
" = W', withuy, = D¢.

(iv) there is a local diffeomorphism f. X = X over Y defined on a neighbor-
hood of a such that f(a) = a and f*w = .

Proof. (i1) = (1): Proposition 23.1 (i) shows that w*® is non-singular; the
implication (iii) = (iv) of Proposition 22.6 gives us the relation (22.29), and so
dy, yw =0.

(i) = (iv) is given by Proposition 23.3 (i).
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(iv) = (iii): According to Proposition 23.2, there is a section u, of (T* ®
Jy(V'))" such that w’ = w* over a neighborhood of a; assertion (iii) is given by
the implication (i) = (ii) of Proposition 22.6.

(iii) = (ii): Since Q(V; w) is a formally integrable finite form of J(V; w) by
Proposition 23.3 (ii), the implication (ii) = (iii) of Proposition 22.6 tells us that
assertion (ii) holds.

The proof of the implication (ii) = (iii) of the above proposition gives us the
more precise statement:

Corollary 23.1. Let w be a volume (resp. symplectic) form along the fibers of
p and let a € X. If u is a section of (T* @ J(V; w))" satisfying D,u = 0, there
exists a section ¢ of QI(V; w) over a neighborhood of a such that ®¢ = myu.

Since Q,(V; w) is a formally integrable and integrable finite form of the Lie
equation J,(V; w) by Proposition 23.3 (ii), Corollary 23.1 together with Pro-
position 22.7 (iii), or the implication (ii) = (iv) of Proposition 23.4 together
with Proposition 22.8 gives us:

Theorem 23.1. Let w be a volume or a symplectic form along the fibers of
p: X > Y. Then forallm = 1,a € X, we have

HY(Q\(V; ©)) 0 =0, HY(J(V; @), =0.

The existence of the local coordinates for X satisfying the conditions with
respect to w described in the proof of Proposition 23.3 (i) shows that the
sequence (22.36) is exact for x € X and 1 < k < oc; therefore J|(T; w) is a
formally transitive and formally integrable p-projectable Lie equation whose
kth prolongation is J, . (7; w). From (22.32), we deduce that J_(V; w), is a
closed ideal of J_(T; w),, for x € X.

Let {w} be the sub-bundle of /\"V* generated by the section w and let
@: /\"V* > {w} be a projection of /\ "V* onto this sub-bundle. Let E’ denote
the quotient bundle /\ "V* /{w} and ¢: /\"V* > E’ be the natural projection.
Fork = 2, let

D (@): J(T; p) = S ((E") ® J,_,(V*)
be the morphism of vector bundles sending j (£§)(x), with ¢ €9 . into

0,x?
(k—1(¥DEX(x), jx—1(dx,vfXx)), where f is the unique element of Oy
satisfying @D_{ = fw. The kernel JY(T; w) of ®,(w) consists of all k-jets
J(€)(x), with £ € "\Tp,x, for which there is a real-valued function f on Y such

that
(23.3) Je-1(B(&)w — p*f - 0)(x) = 0;
then

J{T; ©) CI(T; w).



630 HUBERT GOLDSCHMIDT

We set
J(V; @) =J (V) NJ(T; w),
for k = 2. By means of the morphisms ®,(«w), we see that, if J3(T; w) (resp.
J(V; w)) is a vector bundle, then its kth prolongation is J; (T; w) (resp.
+2(V; w)). If &, is one of the vertical vector fields (23.2) and f is a real-valued
function on Y, then j(p*f- &,) is a section of Ji(V; w), for k= 2. Using
(23.3), it is easily verified that

(23.4) [J12+1(T§ @), Jew (T w)] CJIUT; w),
(23.5) [Ji4:(T; @), Tir(V; @)] CI(V; 0),
for k = 2. For x € X and k = 2, the mapping

TV @) = T (15 Y ) o,

sending ;i (§)(x), with £ € V| into j,_,(f)(p(x)), where f is a real-valued
function on Y such that (23.3) holds, is easily seen to be well-defined. Because
of the existence of the vector fields (23.2), the sequence

0> J (V@) = J(V;0) > p V(1Y) >0,

induced by these mappings, is exact. We immediately deduce from this fact
and (23.4) that Jj(V; w) is a formally integrable Lie equation whose kth
prolongation is J; 1 ,(V; w). For x € X, we consider J_(1; Y),,, as an abelian
Lie algebra, and we write

TSV @), = V) NI (V; @),

If £, is one of the vector fields (23.2) defined on a neighborhood of x satisfying
£,(x) = 0, the morphism of Lie algebras

Jo(13 Y )y = I (V5 @)«

sending j,,(f)(p(x)) into j(p*f - §o)(x), where f€ Oy ). is a splitting of
the exact sequence of Lie algebras

p(x

0= T (V;0), = Jo(V; @)y = Jo(1; Y ) iy = 0;

clearly the image of this mapping is a closed abelian subalgebra of J2(V; w),
which is a complement of J_(V; w), in J (V; w),, and so the quotient
J(V; w),/J(V; w), is abelian. Moreover the existence of the local coordi-
nates for X satisfying the conditions with respect to w described in the proof of
Proposition 23.3 (i) shows that the sequence

0- JIQ(V; w), = JI(T; ©)y iJk(TY; Y)p(x) -0
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is exact, for x € X and 2 < k < oo; therefore by (23.4) we see that JY(T; w) is
a formally transitive and formally integrable Lie equation whose & th prolonga-
tion is J; , ,(T; w). From (23.5), we deduce that

(23.6) [5(T; 0), Ji(V; ©)] CI(V; 0),

if J(T; w) = »"UY(T; w), and that J_(V; ), and J,_(V; ), are closed ideals of
the transitive Lie algebra J_(T; «),, for x € X; moreover J_(T; w), is a closed
transitive subalgebra of J_(T; w),. With respect to the structure of analytic
manifold on an open set U C X determined by a local coordinate on U
satisfying the conditions with respect to w described in the proof of Proposi-
tion 23.3 (i), the section w is amalytic and the Lie equations Jy(V; w) and
J3(T; w) are analytic and satisfy (23.6); hence for x € X and j > 0, we have

H/(J(T; @), To(V; @),) = H(J(V; w)), =0,

BT BT @) (7 0),) = BV o)), = 0,

by Proposition 22.4 and Theorem 23.1. According to Proposition 22.4, the
characteristic variety YV (Ji(V; ), C) of Jy(V; w) is equal to T} ® C if g > 1,
and to p}Ty ,,) ® Cif ¢ = 1 and w is a volume form. Hence by Theorem 16.4
(i), the characteristic variety V(J.(T; w),, J(V; w),, C) is equal to the image
of the injective mapping

afor* ! ®id: TF®C - J (T; 0)*®C

if ¢ > 1, or to the image of pyTy ., ® C under this mapping if ¢ = 1.

If the manifold Y consists of just one point, then V' = T and w is either a
volume or a symplectic form on X. Applying the above results to w, we see that
J(T; w) and JY(T; w) are formally transitive and formally integrable Lie
equations on X, and that J_(T; w), is a closed ideal of J(T; w), of codimen-
sion one, for x € X; moreover there is a closed abelian subalgebra of J.2(T; w),
of dimension one which is a complement to J_(T; w), in J(T; w),. If wis a
volume form on X, the solutions of Ji(T; w) (resp. Jy(T; w)) are the vector
fields with zero-divergence (resp. with locally constant divergence), J_(T; ), is
the Lie algebra of formal vector fields with zero-divergence, and the local
diffeomorphisms solutions of Q(T; w) are the volume preserving diffeomor-
phisms of X. If w is a symplectic form on X, the solutions of J(T; w) (resp.
J3(T;, w)) are the symplectic vector fields (resp. the vector fields £ satisfying
£($)w = cw, where c is a locally constant function depending on £), J (T; w),
is the Lie algebra of formal symplectic vector fields, and the local diffeomor-
phisms solutions of Q(T; w) are the symplectic diffeomorphisms of X. If
n = 2, in either case the transitive Lie algebra J_(T; w), is non-abelian, simple
and infinite-dimensional; moreover if Der(J_(T; w),) denotes the Lie algebra
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of derivations of J_(T; w),, according to [7] the mapping

Jo(T; ©), = Der( L (T; w),),
sending £ into the derivation ad(§) of J_(T; w),, is an isomorphism of Lie
algebras (see [6, Corollary 2.2]).

We no longer assume that Y is a point. Let 56 € Y and let Z be the
submanifold X, of X. We consider the volume or symplectic form w,, restric-
tion of w to Z. If a € Z, a local coordinate on a neighborhood of a satisfying
the conditions with respect to w described in the proof of Proposition 23.3 (i)
determines a local isomorphism ¢: Y X Z — X of fibered manifolds over Y
defined on a neighborhood of (b, a) such that ¢(b, a) = a and &, = ¢p*(w). If
y €Y,z € Z with ¢(y, z) = x, the mapping ¢ induces an isomorphism (21.4)
of transitive Lie algebras; under this isomorphism, it is easily seen that the
image of the semi-direct product

M = (J(Ty; 0,), 8 F,) @ (Ty; Y),

is the transitive subalgebra J_(T; w), of J(T; p),, that the images of the
closed ideals J/(Ty; wy,), ® F, and J (T;; wz), ® F, of M’ are the closed
ideals J_(V; w), and J_(V; w), of JA(T; w), respectlvely, and that the image of
the closed subalgebra

M= (Joo(TZ’ wZ)z ® P;,) ®Jw(TY’ Y)y

of M’ is the closed subalgebra J_(T; w), of J(T; w),. If the dimension g
of Z is>1, since J_(T;; wz), is a non-abelian and simple Lie algebra,
Jo (T wz), ® F, is a non-abelian minimal closed ideal of M’ or of M,
therefore J,(V; w), is a non-abelian minimal closed ideal of J(T; w), or of
J(T; w), whenever g > 1. If w, is a volume form on a one-dimensional
manifold Z, then J (73; wz), is abelian, and therefore so are the ideals
Jo(Tg; 0z), ® F, and J(V; ),. Thus

M’ D J(Ty; w5), ® E, D J(Ty; 07),® F, D0,
M D J (Ty; @Z)z ® F,D0,
JA(T; ), DJL(V; w), DI (V; @), DO,
J(T; 0), DI (V;w), D0

are Jordan-Holder sequences for the transitive Lie algebras M’, M,
J(T; @)y, J(T; w),. If S, is a closed abelian subalgebra of J2(T; ), which
is a complement to J_(Ty; wz), in J,(Ty; wz),, then

(Sz ® F:v) @ Joo(TY; Y)y
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is a closed subalgebra of M” which is a complement to J,(7; w;), ® F,in M.
From the commutativity of diagram (21.6), we deduce that the characteristic
variety V(M’, J (T,; w;), ® F,, C) of the closed ideal J(T; w;), & F,of M’
over C is equal to the image of the injective mapping (21.7), with L =
Jo(Tz; wz),, if the dimension ¢ of Z is > 1, or to the image of T3 , ® C under
this mapping if ¢ = 1 and w is a volume form.

We restate some of these results in

Proposition 23.5. Let w be a volume or a symplectic form along the fibers
of p: X > Y. Let x € X withy = p(x), and Z = p"\(x). If w is the volume or
symplectic form on Z, restriction of w to Z, then J, (T wy), and J (T,; w5),
are transitive subalgebras of J (T,; Z),, and J (T,; wz), is a closed ideal of
codimension one of J.(T,; w,),. Moreover, there is an isomorphism of transitive
Lie algebras

(Jo,o(TZ; ‘*’z)x & I'}) ® J(Ty; Y)y - J.(T; @),

mapping the closed ideals J (T,; wz), & F, and J (T wz) & F, of the semi-
direct product onto the closed ideals J.(V; w), and J (V; w), of J.(T; »),, and
the closed subalgebra

(Joo(TZ’ wZ)x ® ‘F;)) eaJc;o(TYy Y)y

of the semi-direct product onto the closed subalgebra J (T; w), of J.(T; w),.

Let w, be a volume or a symplectic form on a manifold Z. Let p: X — Y be
the fibered manifold pr,: ¥ X Z — Y and w be the volume or symplectic form
&, along the fibers of p determined by w,. We have the decompositions (22.35)
and

JU(T; @) =J(V; ©) @ J(V'; p),
and
Jo,o(T7 w)x = Jo/o(V’ w)x @ o')c(Joo(TY; Y)y)’
T (T; @)y =T (V5 ©), ® 0 (J(Ty; Y),),

for x =(y, z) € Y X Z. Therefore J_(V; «), and J(V; w), are J(Ty; Y),-
submodules of J_(V'),, and the restrictions

}\: Jo/o(TZ’ wZ)z ® F;) _)Jo/o(Vy w)x:

}‘: Joo(TZ; wZ)z ® F;) - Joo(V; w)x

of the mapping (21.3) are isomorphisms of J(Ty; Y),-modules.
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From (23.7) and Proposition 23.5, we deduce the following:
Theorem 23.2. If w, is a volume or a symplectic form on a manifold Z, then
forz € Zandy € Y, we have

Hj((Jo;(Tz; wz), ® Fy) DI Ty Y), Jo(Ty5 07), ® Fy) =0
forj >0, and

ﬁl((']o,o(TZ’ wZ)z ® F)'z) ®J00(TY; Y)ya']oo(Tz; wz)z ® F;,) =0.

If we take Y to be a point and Z = X in Theorem 23.2, we obtain:
Corollary 23.2. If w is a volume or a symplectic form on X, then for x € X
and j > 0, we have

HI(J(T; ),) =0, HY(J(T;w),)=0.

24. Finite-dimensional Lie algebras with parameters

In this section, we consider a third type of non-singular sections of the
vector bundles /\ "V* ® x E and the corresponding Lie equations.

Assume that p: X — Y is-a bundle G of Lie groups over Y. The Lie algebra g
of G is the vector bundle over Y whose fiber g, at y € Y is V},(G), where
I(y) is the identity element of G,. We consider the bracket on g as a morphism
of vector bundles

g®g-—g

which, when restricted to the fiber g o is the usual bracket defined in terms of
right-invariant vector fields on G,,. The Maurer-Cartan forms of G

w Vog, 6:V-og
are defined by

(§wy=g7-¢ (Loy=¢-g7,

for§ € V,; if g € G and p(g) =y, the restrictions of « and ¢ to V, = T(G,)
are respectively the left-invariant and right-invariant Maurer-Cartan forms of
the Lie group G, . They define isomorphisms of vector bundles

w:V-oplg, o:V-plg
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over Y, and we consider w and ¢ as non-singular sections of V* ®,g.
Moreover w satisfies the equation

dX/Y“’ — 3w, 0] =0,

where the bracket is given by (4.1) with ¢ endowed with the above bracket.
The bracket on g induces a structure of Lie algebra on I'(Y, g). Let

e T(Y,g) > T(X, V)

be the homomorphism of Lie algebras sending ¢ into the vertical vector field
¢(§) on X whose restriction to X, is the right-invariant vector field on G, whose
value at I( y) is §(y), for all y € Y. Then
(24.1) (i), 0)(g) = £(p(2)),
forg € G. Let

Ad: V* ®yqg > V* ®xg
be the isomorphism of vector bundles over X sending u € Ve ®g s with
g € Gand p(g) =y, into (id ® Ad g)u. Then

(24.2) o =Ad(w).

Lemma 24.1. If n is a vertical vector field on X whose restriction to X, isa
left-invariant vector field on G, for all y € Y, and § is an arbitrary vertical vector
field on X, then we have

(24.3) (M, dy,y(€0))= (I, ¢}, 0),
as sections of p~'q over X, and
(24.4) Ad(E(¢)w) = dy,y(§ o).

Proof. There is a one-parameter family of sections g, of G over Y such that
8.(y)is a one-parameter subgroup of G, for all y € Y, and

d
n(g) = & 8ly) |
for g€ G,, y €Y. If g2 G- G is the diffeomorphism sending g € G, into

g - g/ (y), withy € Y, thenn = d¢,/dt|,_,, and if £ is a vertical vector field on
X,

[1.£)(8) = - S, 8(e7(2)) | -,

= —%g(g-g,“(y)) 8 | ey
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for g € G,. Thus
([n.¢).0)(g) = - (%i(g -g71()) - g,(y)) I,:O g

_%ﬁ(g &7'(») - (&(») - g7) |,=o
— _dit@,a)(g - g '(»)) |,=o
- _%@,a)(g'g_;(}’)) l,:o

:d%@,o)(g -8(»)) |r=o
= <1’, dX/Y<£’ G))(g)’

and so (24.3) holds. On the other hand, {7, w) is a constant function on each
fiber of X, and hence

(24.5)  (mL(&)w)y=L(&)(n, w)+ ([n, £, 0)= ([n, £], &).
According to (24.2) and (24.3), we thus obtain
(n, Ad(L(£)w))= ([n, £],Ad(w))= ([n,£], o)
={m, dX/Y<§"’>>’

from which we deduce (24.4).
We also write E for g and consider the differential operator D_: V-
* ® & sending £ into £(£)w. According to (24.1) and (24.4), the diagram

-1 L Dw
0—=p 76 =V —>V*Q &

(24.6) lid lo lAd

d
0—p7l6 — 6, ~L5H V@5,

is commutative; since its vertical arrows are induced by isomorphisms of vector
bundles and (22.5) is exact, its rows are exact. If £ is a vertical vector field on
X, from (24.5) it follows that £(£)w = 0 if and only if [£, 5] = O for all vector
fields n satisfying the left-invariance condition of Lemma 24.1. It is easy to
verify that this holds if and only if £ belongs to the image of «. We thus obtain
a direct proof of the exactness of the top row of diagram (24.6). The
hypotheses of Proposition 22.4 are satisfied with » = 1 and 7 = Ad. Therefore
Ji(V; w) is a formally integrable Lie equation whose kth prolongation is
Ji1(V; w), and Q,(V; w) is a finite form of J(V; w) whose kth prolongation



LIE EQUATIONS. V 637

is the fibered manifold Q, , (V; w); moreover my(Ji(V; w)) = Ji(V) and (22.21)
holds. The solutions of J,(V; w) over open subsets of X whose fibers over Y are
connected are the vector fields of the form «(£), with £ a section of g over an
open subset of Y. Furthermore, diagram (22.22) is commutative and exact, and
J(67") induces an isomorphism of vector bundles

b 0 (6 Y) - (Vs @)

over X; in fact, by (24.1) we see that ¢, sends (g, j.(§)(¥)) into j («(£))(g),
with g € G satisfying p(g) = y and £ € I'(Y, g). The bracket of g induces a
structure of linearly compact Lie algebra on J(g; Y),, for y € ¥, by setting

[J(E)(), Ju(m(P)] = o[£, n])(¥),

for &, n1 € I'(Y, g). The mappings ¢, give rise to an isomorphism of linearly
compact Lie algebras
Lyt Jw(g; Y)y - J . (V; w)g,

for g € G, with p(g) = y.

The bundle p~'G over X is equal to G X G considered as a bundle over X
via the projection onto the first factor, and the sheaf of sections of p~'G over X
is 8. Sections of p™'G are precisely the graphs of local mappings G —» G over
Y. We 1dent1fy a mapping f/: G - G over Y defined on an open set U C G with
its graph f: U — p"'G, and the ket j(f)(x) with j( f)(x), for x € U. We
thus consider Q,(¥) as an open fibered manifold of J,(p"'G). If f is a local
mapping G — G over Y defined on an open set U, let a( f): U -~ G, B(f):
U - G be the mappings over Y defined by

o f)(a) = f(a) - a”,
B(f)(a)=f(a)-a,
for a € U. Then
a(B(f) =1 Bla(f)) =1,
and so a, 8 determine isomorphisms of fibered manifolds over U
J(@): J(p7'G) » J(p'G),
J(B): J(p'G) = I (p7'G),
sending j,( f )(a) into j,(a( f))(a) and j( B( f))(a) respectively and satisfying
Jd(B) = Ji ()"
Lemma 24.2. If f: G — G is a local mapping over Y, then
(24.7) Ad(f*w — w) = a f)*w

as sections of V* ® x g.
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Proof. Leté{e ¥V, with ¢ € G and p(a) =y, and choose a one-parameter
family a, of elements of G, such that a, = a and da,/dt|,_, = §. Then

-1
dfi; |t=0 =-a”-§a
and
«(£)f=21(a) a7 | _,
da;!
=4 fa) | Ly e+ Ha) S|
= (f*ﬁ) ca'—fla)-at-&-at.
Thus
(& a(£)rey=(a(f),d 0y=(fa) - a") " - a(f).¢
=a-fla)" - a(f),¢
=a-fla)"- (f*g) el — ¢!
= Ad a((f,£, 0y~ (&, 0))
=Ada- & ffo—w),
and so (24.7) holds.

If g is a section of G over an open set U C 7, let «(g) be the mapping G - G
defined on p~!(U) by

(g)(a) = g(p(a)) - a,
for a € p7}(U). Then «(g) is a local diffeomorphism of G over Y satisfying
(24.8) | a(u(g)) =g°p;
the left-invariance of w means that
(g)e = w.
Thus ¢ determines a morphism of fibered manifolds

(24.9) L P (G Y) - 0(V; 0)

over X sending (a, ji(g)(p(a))) into ji,(«(g))(a), with a € p™'(U).
We consider the sequence (4.6) (with X = G), where

@X/Yf:f*w7 for f € 84,
Dy x/y0 =dx,y0 — i[v,v], forv € V* ® b,;
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the bracket is given by (4.1) with g endowed with the bracket considered
above. From (24.8) and Lemma 24.2, we obtain the commutative diagram

D

(24.10) 11(1 la Ad
GDI XY

Iop—plg— g XL * @ g, —LXTL A2+ @ 6y

which is the finite form of diagram (24.6). Since its vertical arrows are bijective
and its bottom row is exact by Proposition 4.1, its top row is also exact.
Therefore the solutions of Q,(V; w) over open subsets of X whose fibers over ¥
are connected are the local diffeomorphisms of G of the form :(g), with g a
section of G over an open subset of Y.

If E’ is a vector bundle over G, let E’ ®,-1; V' be the vector bundle whose
fiber over (a, b) € G XyG is E, @ V,. If a, b € X, with p(a) = p(d), and if
u € TF®V,, we denote by urw the element of (V* ®xg), equal to the
composition

A AT
and by

H(w): T*®, gV > V* Qyg
the mapping sending « into u A w. Moreover, if

By_yq: SET* > ST @ T*

is the morphism of vector bundles determined by
k

Apora(E o) =2 (6.0 8) ®E,

Jj=1
for §,,...,§, € T*, where éj indicates that §; is to be omitted, we denote by
7, _(w) the composition
A y,®id d®r(w)
SET* @ 16V ——— SKTIT* @ T* @1 V— SK7IT* @ V* @y g;

then 7y(w) = r(w). Since w is a non-singular section of V* ®x g, from the
exactness of (22.7) we deduce that the sequence
T— (@)

*®id
(24.11) 0> S¥T%,,, ® V, > SKT* ® ¥, =5 (SF™IT* @ V* ® q),

is exact, for a, b € X with p(a) = p(d).
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We now study the morphisms

pk(@X/Y): Jk+1(P_1G) - J(V* ®xg),
Pk(@w)3-7k+1(P_lG) - J(V*®xaq)

of fibered manifolds over X determined by the first-order differential operators
Dy,y and D, from Gy to V* @ &,. We let p (D, y) and p_(D,) be the
projection pr,: p_'G — X onto the first factor.

Proposition 24.1. For k = 0, the mapping p(Dx,y) (resp. p(D,)) is a
morphism of affine bundles over p,_ (D x,y) (resp. p,— (D)) whose associated
morphism of vector bundles is induced by 7,(w). ~

Proof. It suffices to show that

(24.12) Dy v)(o+u) =p Dy, y)¢ + 7wy,

for ¢ €J,.1(p7'G), u € S¥T* ®,;V and k=0, where the sum on the
right-hand side is that of two €lements of the vector bundle J(V* ®yg).
According to [9, Propositions 5.6 and 5.3], we need only verify this for k = 0.
Indeed, if f, f' € §4,, a € X, with f(a) =f(a)=b, and if u ET} @V,
satisfy

W) a) =7(f)(a) +u,

thenf.: ¥, — ¥V, is equal to f, + u;,. Hence we obtain
PO(@X/Y)(jl(f,)(a)) = (f*w)(a)=wo (f* + “yVa)
=weof, tulw

:PO((’DX/Y)(jI(f)(a)) + 1 w@)u,

which gives us (24.12) for £k = 0.
From the commutativity of diagram (24.10), we deduce that of the diagram

Peey@,,)
0u(V; ) —— T (p71G) ———" J_ (V* ® 9)

(24.13) [ck le(a) l]k_l(Ad)

P Pi—1Pxy)
p_IJk(G; Y) k Jk(p._lG) k 1( XY

. Jk—l(V* ®X 9)’

whose rows are complexes and whose mappings J,(a) and J,_,(Ad) are the
isomorphisms of fibered manifolds over X determined by &« and Ad respec-
tively. We now verify that its bottom row is exact.
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Proposition 24.2.  The set of elements ¢ of J,(p™'G) satisfying p,_ (D x Y)
= 0 is equal to p, (0T (G; Y)).

Proof. We proceed by induction on k. For k = 0, the result is trivial with
J_(V* ®xg) = 0. Assume that it holds for k¥ — 1, with k = 1, and let ¢ =
J(f)a) be an element of J(p'G), where f€§ xo 4 € X, satisfying
Pi-1(®x,y)p = 0. Then by our induction hypothesis, we may write
Je—i(fXa) =j._,(g ° p)(a), for some section g of G over a neighborhood of
p(a). Since 7, j (f)a) = m._,j g ¢ p)a), by [9, Proposition 5.1] there is
an element u € S¥T* ® V,, where b = f(a), such that

(24.14) i f)a) =ji(gep)(a) +u
As

pk—l(@X/Y)jk(f)(a) :pk—l(@X/Y)jk(g °op)(a)=0,

we deduce from (24.14) and Proposition 24.1 that 7,_;(w)u = 0. Since the
sequence (24.11) is exact, there is an element v € ST}, ® V}, such that
(07 ® id)v = u. By Proposition 22.1 and (24.14), we have

Pk(a’ J(g)(p(a)) + U) =ji(fNa),

concluding our proof.

Since p,, is injective, by Proposition 24.2 and the commutativity of diagram
(24.13), we see that (24.9) is an isomorphism of fibered manifolds and deduce
the following:

Proposition 24.3. If X is a bundle of Lie groups G over Y and w is the
Maurer-Cartan form of G considered as a section of V* ® x g, then Q(V; w)is a
formally integrable and integrable finite form of the formally integrable Lie
equation J(V; w), whose kth prolongation is Q. (V; w); moreover (24.9) is an
isomorphism of fibered manifolds over X.

Let

pla)

Y: T*® J(V) » V* ®xg,
Yyt N2T* ®@ Jy(V) » AN2V* ®xg

be the mappings sending # and v into w*and w o »™ o Y A2 = (7' © YA )R
respectively. We have the identities

(24.15) 71D¢ = Dy ymep, foro €2,(V; 0),

(24.16) 1204 =D x,y(nimu), foru € IT* @ J(V; w).

Indeed, for ¢ € QI(V; w), we have f = my¢p € §, and (24.15) is the relation
(22.28). If u € T* @ J(V; w), then &= (»*' ® »7")(1) is an element of
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Jo(V)* ® J(V; w) and so
E(#)(»* w) =0,

where u, = myu and v = ;. Hence if we apply Proposition 22.3 to @ and u,
we obtain

Dy gy = dy, yw'o — [w¥, 0]
= (dx/Y)u0 + (V_] ° (@1“)\/\2V) Ry = 3([w, 0])™
= (Dyxyy0) + (7 o (Du)n2v)hw
= ')’2@1“:

since D, y,yw = 0. These two identities imply that the diagram

1t ~ S
p—lg .~1..._.__> QZ(V; (.0) __GD_> (GJ'* ®J1(CV; (.0))“ _1) /\265* ®JO(°V)

(24.17) lid l'”o 171 ) 1'72
P

9
p7lg > gy —X s qr g 6, — X, A2r @ 6

whose top row is the non-linear Spencer complex of J(V; w) and whose
bottom row is the exact sequence (4.6) (see Proposition 4.1), is commutative.

The following proposition is the analogue of Propositions 23.2 and 23.4 for
Maurer-Cartan forms. The equivalence of assertions (i) and (ii) of the following
proposition shows that the mapping v, o 7y: T* @ J)(V) - V* @ x g induces a
surjective mapping from Z'(Ji(V; w)), to the set of germs at a € X of
non-singular sections v of ¥* ®y g satisfying D, y v = 0.

Proposition 24.4. Let ' be a section of V* ® g over X. Then there is a
section uy of T* @ J(V') over X such that o' = w*. If a € X, the following
assertions are equivalent:

(i) w’ is non-singular and satisfies the equation

Dy yw =dy,yo — o, w]=0

on a neighborhood of a;

(ii) there is a section u of (T* ® Jy(V; w))" such that wyu = uy and D u = 0
on a neighborhood of a;

(iii) there is a section ¢ of QI(V; w) over a neighborhood of a satisfying
Do = ug,;

(iv) there is a local diffeomorphism f: X — X over Y defined on a neighborhood
of a such that f(a) = a and f*w = &'.
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Proof. Let v be the section of V* ® V over X equal to the composition

’ ~1
Vaelg o v,
and let u, be a section of T* ® Jy(V') satisfying (id + »~! o ug )y = v; then
w = wo,

(i) = (): If u is a section of (T* ® J(V; w))" satisfying myu = u, and
D,u =0, Proposition 23.1 (i) shows that «* is a non-singular section of
V* ®y g. The relation (25.16) tells us that D, 5 ,yw"® = 0; this fact can also be
obtained as a consequence of the implication (iii) = (ii) of Proposition 22.6.

(i) = (iv): Taking X = G in Proposition 4.1, we obtain a local mapping
f: X - X over Y defined on a neighborhood of a satisfying f(a) = @ and
f*w = «’. From Proposition 23.1 (ii), it follows that fis a local diffeomorphism
on a neighborhood of a.

(iv) = (iii) is given by the implication (i) = (ii) of Proposition 22.6.

(iii) = (ii): Since Q,(V; w) is a formally integrable finite form of J,(V; w) by
Proposition 24.3, the implication (ii) = (iii) of Proposition 22.6 tells us that
assertion (ii) holds.

Since Q (¥; w) is a formally integrable and integrable finite form of the Lie
equation J,(V; w) by Proposition 24.3, the implication (ii) = (iii) of Proposi-
tion 24.4 together with Proposition 22.7 (iii), or the implication (ii) = (iv) of
Proposition 24.4 together with Proposition 22.8 gives us:

Theorem 24.1. If X is a bundle of Lie groups G over Y and w is the
Maurer-Cartan form of G considered as a section of V* @y g, then for allm = 1
and a € X we have

ﬁl(Ql(V; "’))m,a =0, H‘(JI(V; ‘*’))a =0.

If the manifold Y consists of just one point, then G is a Lie group, V=T
and w is the left-invariant Maurer-Cartan form of G. The Lie algebra g of G
endowed with the discrete topology is a transitive Lie algebra. Applying the
above results to w, we see that Ji(T; w) is a formally transitive and formally
integrable Lie equation on X = G, and that for g € G the image of the
monomorphism of transitive Lie algebras

tg: @ = Jo(T )y

sending £ € g into j(1(£)X &), where «(£) is the right-invariant vector field on
G whose value at the identity element of G is £, is the transitive subalgebra
Jo(T; w), 0f J (T'),. The solutions of Ji(T; ) (resp. Q(T; w)) over connected
subsets of X are the restrictions of right-invariant vector fields on G (resp.
right-translations of G).
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We no longer suppose that Y is a point, and assume now that G is the trivial
bundle of Lie groups pr;: Y X G, — Y, where G, is a Lie group. If g is the Lie
algebra of G, endowed with the discrete topology, then g is the trivial vector
bundle Y X g, of Lie algebras, and for y € Y we have the isomorphism of
linearly compact Lie algebras

(24.18) 3, ® F, = J.(8;Y),

sending £ ® j_(f)(y) into j (s)(y), where f is a real-valued function on Y and
s is the section of .g over Y defined by s(&) = f(b)&, for b € Y. Moreover, the
left-invariant Maurer-Cartan form w,: T — go of the Lie group G, de-
termines a section of V* ®, g over X, which is in fact equal to the Maurer-
Cartan form w of the bundle G of Lie groups. According to the discussion at
the end of §22, the sequence (22.36) is exact for x € X and 1 <k < o0;
therefore J|(T; w) is a formally transitive and formally integrable p-projectable
Lie equation whose kth prolongation is J, . (T; w). From (22.32), we deduce
that

(24.19) [(T;5 ), J)(V; @)] CI(V; @),

if J(T; w) = »~YU(T; w), and that J(V; w), is a closed ideal of the transitive
Lie algebra J(7T; w),, for x € X. With respect to a structure of analytic
manifold on ¥ compatible with the structure of differentiable manifold of Y
and the structure of analytic Lie group of G,, the Lie equations J,(V; w) and
Ji(T; w) are analytic and satisfy (24.19). Hence for x € X and j > 0, we have

H(J(T; 0), (V5 ©),) = BH(J(V; @), =0,

(24.20) BYI(T; 0), J(V; ),) = B(J(V; @), =0,

by Proposition 22.4 and Theorem 24.1; moreover by [16, Corollary 13.1] and
Corollary 10.1, we obtain

H/(J(T; 0),) = H(J(T; 0)), =0,

HY(J(T; 0),) = H'(N(T; @), =0,
for all x € X and J > 0. According to Proposition 22.4, the characteristic
variety V(J,(V; @), C) of J(V; w) is equal to p}Ty .,y ® C. Hence by Theo-

rem 16.4 (i), the characteristic variety V(J(T; w),, J(V; w),,C) is equal to
the image of pfTy ,,y ® C under the injective mapping :

aF oy ®id: T* ® C > J(T; 0)*® C.
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If x=1(y,8) €Y XG,, setting Z = G,, z = g and w, = w,, according to
the discussion at the end of §22, we see that under the isomorphism (21.4) the
image of the semi-direct product

M= (Joo(TGg; wO)g ® ‘F;’) ®Jm(TY; Y)y

is the transitive subalgebra J (T; w), of J (T; p), and that the image of the
closed ideal J (T ; wo), ® F, of M is the closed ideal J(V; w), of J(T; w),.
In fact, the diagram

te id ‘
8o ® F, E——J_(Tg,; wo); ®F,

b

Jo(8; V), — T (V3 @),

whose vertical arrows are the isomorphism (24.18) and the restriction of
the isomorphism (21.3) and where ¢,: g, > J(T5,; @) and ¢, are isomor-
phisms, is commutative. If g, is a non-abelian and simple Lie algebra, then
Joo(T5,; o), ® F, and J(V; w), are non-abelian minimal closed ideals of M
and J (T; w), respectively; moreover
M DU (T;,; Gy), ® F, D0,
J (T; ), DI (V;9), D0
are Jordan-Holder sequences for the transitive Lie algebras M and J_(T; w),
respectively. From the commutativity of diagram (21.6), we deduce that the
characteristic variety V(M, J (T, Gos Wo)g © F,, C) of the closed ideal
Jo(Tg,5 wg), @ F, of M over C is equal to the image of 73, ® C under the
injective mapping (21.7), with L = J (T ; w,),-
From the above discussion, we obtain:
Proposition 24.5. Let G, be a Lie group and g the Lie algebra of G,
endowed with the discrete topology. If w, is the Maurer-Cartan form of G,, then
for g € G we have an isomorphism

tgl Go — Jw(TGO; ‘*’o)g-
If w is the Maurer-Cartan form of the bundle of Lie groups X = Y X G, for
x € X with p(x) = y, there is an isomorphism of transitive Lie algebras
(80 ® F) @ J(Ty; Y), = J(T: @),
mapping the closed ideal g, ® F, of the semi-direct product onto the closed ideal
J (V5 w), of J(T; w),.
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Let g be a finite-dimensional real Lie algebra; then g endowed with the
discrete topology is a transitive Lie algebra. Let G be a Lie group whose Lie
algebra g, is isomorphic to g. We deduce from (24.20) and Proposition 24.5
the following:

Theorem 24.2. Let g be a finite-dimensional real Lie algebra. Then for
y € Y, we have

H((g®F,) ®J,(Ty;Y),,g®F,) =0
forj>0,and
H'((s® ) ®J(Ty:Y),,6 ® F) =0.

If we take Y to be a point in Theorem 24.2, we obtain:
Corollary 24.1. Let g be a finite-dimensional real Lie algebra. Then for j > 0,
we have

Hi(g) =0, H'(g)=0.

25. The contact algebra with parameters

Assume throughout this section that the rank g of V' is> 1. Let w be a
nowhere vanishing section of ¥V and let W be the sub-bundle of V' of
codimension one consisting of all vectors £ € V satisfying (£, w)= 0. We say
that w is a contact form along the fibers of p if the mapping

(25.1) W W

sending £ into (§Ady,yw)y is an isomorphism of vector bundles. This
condition is equivalent to the fact that the rank of V is odd and equal to
g =2p+ 1, with p > 1, and that the section w N (dy,yw)? of /N 9V* does
not vanish at any point of X. We assume throughout this section that « is a
contact form along the fibers of p. The restriction w X, of w to a fiber X, with
y €7, is a contact form on the odd-dimensional manifold X,. If X is the
product Y X Z of Y with a manifold Z and p: X —» Y is the pI'O_]CCthIl onto
the first factor, and if w, is a contact form on Z, the section &, of V*
determined by w, is a contact form along the fibers of p.

Let (z, y) be a local coordinate for X on an open neighborhood of 2 € X
compatible with p, where y = (y',---,y™) is a local coordinate for Y on a
neighborhood of p(a). According to Darboux’s theorem with parameters, there
are functions ¢, v', - -,0?, w',- - -,w” on a neighborhood of a such that w is the
restriction to V of the 1-form

2
(25.2) di+ S (wido! — o dw),
j=1
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and #(a) = v/(a) = w/(a) = 0, for 1 <j < p. From the properties of w, we see
that

(t, o, 0P, W ,wl’,yl,- .. ,y”‘)
is a local coordinate on a neighborhood of @ € X compatible with p.

Proposition 25.1. Let ', o’ be two contact forms along the fibers of p. If
a, b € X, there is a p-projectable local diffeomorphism f: X - X defined on a
neighborhood of a such that f(a) = b and f*w = w'; moreover if p(a) = p(b),
there is such a diffeomorphism inducing the identity mapping of Y.

Proof. There are local coordinates (z, y) and (z’, y") on neighborhoods U
of a and U’ of b respectively compatible with p, where y = (y',---,y™),
y' = (y'Y,---,y™) are local coordinates for ¥ on p(U) and p(U’) respectively.
If p(a) = p(b), we may assume that y = y’. From the above discussion, we
may also suppose that w is the restriction to V of the form (25.2) on U, with
t=1zv/ =z andw’/ = z/*P*! for 1 <j < p, that o’ is the restriction to ¥
of the form (25.2) on U’, with ¢t = z"', v/ =z7*! and w/ = z7*P*! for
1 <j<p, and that z(a) = z'(b). Let f be a local diffeomorphism ¥ —» Y
defined on a neighborhood of p(a) with f(p(a)) = p(b); if p(a) = p(b), we
suppose that f is the identity mapping of Y. The mapping f defined on a
neighborhood of a sending the point x of U with coordinate (z, y) into the
point of U’ whose (z’, y*) coordinate is equal to (z, y'( f(p(x)))) is a p-projec-
. table diffeomorphism and satisfies f(a) = b and f*o’ = w, since z’ o f= z.

If {w} is the sub-bundle of ¥ generated by the section w and ¢: V* > W* is
the canonical projection, we have the exact sequence

0 {w) » V* S W* >0,

Let P: V> U* be the first-order linear differential operator sending ¢ into
oL(£)w. We denote by E the vector bundle over X which is the quotient of
V* ® A\ *W* by its sub-bundle generated by the section (w,(dy SYONA 2w s
and we let ¢: V* @ A\ 2W* - E be the canonical projection. Let Q: GJ'p - & be
the differential operator sending £ into Y(£(§)w, (2(£)d x,yw) A2 ), and
Pi-i(Q): J(T; p) = T\ (E)

be the morphism of vector bundles sending j,(£)(x) into j,_ (Q§)(x), where
¢ e ‘D'p "

Let f: X — X be a p-projectable local diffeomorphism defined on a neigh-
borhood U of a € X, with f(a) = b, and £ a p-projectable vector field on U;
then f.£ is a p-projectable vector field on f(U). If ¢ =j, . (f)a). the
isomorphism

&: ST 0), = J(T5 0)s
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sends j (£)(a) into ji ( f,.6)(b) and J (V), onto J (V'),. Let
(25.3) ¢: S (AV*)y = o (AVH),

be the isomorphism sending ji, _ (a)(?) into j,_ ,( f*a)(a), where a € AV If
f*w = @, since f*dy yw = dy,yw, by passage to the quotient the mapping
(25.3) determines isomorphisms
¢ Ty (W*)y = T (W*) 0
¢S A(E)y = T (E),-

From relation (22.16), it follows that the diagrams

P
TV, Pea® ),

l¢ T¢
pk_l(P)

TNy —— Ty (W),

@
rase, 219 @,

j(b ‘[d’
@
Jk(T; p)b le'S—)_) Jk—-l(E)b

are commutative. From Proposition 25.1, with o’ = w, we deduce that p,_,(P),
Pr—1(Q) and the restriction of p,_,(Q) to J(V) are morphisms of vector
bundles of constant rank.

Let J(V; W), R(V; w) and R (w) = R(T; w) be the kernels of the mor-
phisms

Pk—l(P): Jl(V) = (W),
2e—1(Q): J (V) = J,_(E),
Pk—l(Q)3 J(T; p) ~ Jk—I(E)’
respectively. From the above discussion, we see that J,(V; W), R,(V; W) and

R,(w) are vector bundles and that 7,: J . ,(V; W) = J(V; W) is of constant
rank for all k, /= 1; moreover the kth prolongations of J;(V; W), R(V; w)
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and Ry(w) are J, (Vs W), R (V; w) and R, . (w) respectively. The sub-
bundle J,(V; W) of J (V') depends only on V and W, and is equal to

(g€ L) I[& 1(W)] I (W)},

or to

(€T (V)|R(E)I() C (W), with & = »7'¢}.
Indeed, if £ = j({X(x), with §{ €V, x € X, then £ belongs to the kernel of
Py (P)if and only if

Je—1({m, BG)“’))(X) = 1 (I8 n], @))(x) =0,
for all n € A, or equivalently if and only if j,_ ([$, n])(x) is an element of
J,_ (W) for all g € 9, . Since

[£, j(m) ()] = £(&)je—r(m) = Jimr([8, 0 ]) (),
where £ =»7l¢, 5 € ., we obtain the above descriptions of the kernel of
Pr—1(P). Moreover j ({)(x), with { € Y, belongs to J(V; W) if and only if
there is an element f € O _ such that
Ji=(B($)w — fw)(x) = 0.

We denote by @ the section »* 'w of Jy(V)*. An element £ € J,(V') belongs to
J(V; W) if and only if L(%)® = cw for some ¢ €ER, where £ =»"', or
equivalently if and only if (E(&)w) A @ =0. It follows that Ji(V; W)is a Lie
equation whose solutions are the vertical vector fields £ satisfying £(¢)w = fo,
for some real-valued function f on X. If £ is a solution of J,(V; W) over an
open set U and g is a real-valued function on p(U), then (g o p)£ is a solution
of J(V; W) over U. By (22.18), the restriction of P to 9 is the mapping
q§ — QU* induced by the isomorphism of vector bundles (25.1). Therefore the
sequences

Pi—1(P)
0- k(V; W) _’Jk(V)——‘>Jk—1(W*) -0,

P
Y->P* -0
are exact. From [10, Theorem 3}, we infer that
(25.4) H/(J(V;W)) =0, forj>0.
From the definition of the operator Q, we see that j,({)(x), with { €

(resp. ¢ € gp,x), belongs to R (V; w) (resp. Ry (w)) if and only if there are
elements f € O, _ and & € V¥ such that

Je=1(B($)e — fo)(x) =0,

(255) jk—l(g(g-)dx/yw_fdx/yw——a /\w)(x) =0.
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Therefore
(25-6) [Rk+1(‘*’), RV, ‘*’)] CRU(V; w),
(25.7) [Rk+1(‘*’)’Rk+1(‘*’)] CRy(w),
(25.8) R.(V;w) CJ(V;W).

We denote by € the section »*~'dy,yw of /\ ’J{(V)*. An element £ € J(V)
(resp. J(T; p)) belongs to R(V; w) (resp. R\(w)) if and only if there are
elements ¢ € R and « € Jy(V)* such that

(25.9) LE)o=cw, L(D)2=cR+aNB.

If ji 4 1 (§X(x), with § € V, belongs to J, (V; W) and f is an element of Oy ,
such that j(£({)w — fw)(x) = 0, then

jk—l(d,V/Y(B(f)w —fw))(x) =0,
or equivalently
jk——l(g(g)dX/Yw _de/Y‘*’ —dy v f N w)(x) =0;
thus j ({)}(x) € R (V; w) and so
(25.10) T Je (Vs W) CR(V; ).
From (25.8) and (25.10), it follows that
R (Vs w) =T (Vi W),
(25.11) Sol(R,(V; w)) = Sol(Jy(V: W)).
The morphism of vector bundles
Y12 N(Vs W) = Jk—l(/\ ZW*)’
sending j(§)(x), with { € V| into
jk—l((g(g)dX/Yw _fdx/yw),/\ 2W)(x),
where f is an element of O, | satisfying
Je-1(B(§)e — fo)(x) =0,

is well-defined, and by (25.5) its kernel is equal to R, (V; w). We set Ry(V; w)
= Jy(V); if

8k C STy @ Jy(V), hy CSU(T)* @ J(V)
are the kernels of the mappings
M1t R(V3 @) = T (V),
M1t MRH(V3 @) = T (V)
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respectively, where J_(V') = 0, we have
(25.12) h, Cg,

for k = 0, and g, = J(V').
If U is a finite-dimensional vector space, for u € U* @ U, a € A U*, we
obtain an element u s a of AU*. If a € U*, then

(25.13) (&, uray= (u(£), a),
for ¢ € U; if a € A\ 2U*, then
(25.14) (ENm uray= (u(§) A, a)+ (£ Au(n),a),

for £, m e U. Ifu € J(T)* @ Jy(V), a € NJ(V)*, we also write uka for the
element vAa of /A\Jy(V)*, where v = 8(u) is the restriction of u to Jy(V).
From the description (25.9) of R(V; w), we see that u € Jy(T)* ® J(V)
belongs to g, if and only if there are elements ¢ € R and & € J(V)* such that

(25.15) uR®d =cw, ukl=cQ+a Ao,

The sub-bundle p(J(Ty)*) of J(T)*, whose fiber over x € Xis v*“(p*TY’ ()5
is equal to the annihilator of Jy(V'); hence p(Jy(Ty)*) ® Jy(V) is a sub-bundle
of g, and the sequence

(25.16) 0 p(d(Ty)?) @ I(¥) = g 2 0(V)* © 4y (V)

is exact. The image g, = 6(g,) of g, consists of all u € J(V)* @ J(V)
satisfying (25.15) for some ¢ € R and a € Jy(V)*. If {w} is the sub-bundle of
Jo(V)* generated by the section @ and € denotes the restriction of @ to
N 2J(W), the kernel of the mapping

(25.17) g~ {«},

sending u € g, into uRw, consists of all u € J(V)* @ J(W) satisfying vA{
=0, where v is the restriction of u to J(W), and contains the sub-
bundle {@} ® Jy(W) of Jy(V)* ® Jy(V). Indeed, if u € Jy(V)* ® J(V), by
(25.13) we see that uAw = 0 if and only if u belongs to Jy(Vy* ® J(W); for
u € Jy(V)* ® J(W), by (25.14) the restriction of ux& to /A “J(W) is equal to
vA Q. Let ¢ € X and choose an element £° of J(V'), not belonging to Jy(W),,
i.e., satisfying (£°, @)= 0. The unique element u,, of (Jo(V )* ® Jy(V)),, whose
restriction to Jy(W), is the identity mapping of J(W), and which verifies
uo(£%) = 2£°, belongs to g, and satisfies u,A@ = 2w, according to (25.13)
and (25.14); therefore the mapping (25.17) is surjective. If h is the subspace of
g, consisting of the elements u of (Jo(V)* ® Jo(W)), satistying u(¢% =0
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and vA§ = 0, where v is the restriction of u to J,(W),, then we easily see that
the fiber of the kernel of (25.17) over a is equal to

b @ ({} ® (W),
Hence if {u,} is the subspace of g, , generated by u#,, we obtain the decom-
position
(25.18) 8. =h O ({8} ®J(W)), ® {uo},
which depends only on the choice of the element £° of J,(V), satisfying
(€% @)+ 0 (see[37, §1.14)).
The proof of the following proposition is based in part on [23, §7].

Proposition 25.2. If w is a contact form along the fibers of p, then R\(V; w) is
a formally integrable and integrable Lie equation, with

R(V; @) = m e (Vs W),

(25.19) mR(V; w) = Jy(V).

Moreover g, is involutive and

(25.20) H/(R(V;w)) =0, forj>0.
For a € X, the mapping

(25.21) Sol( Ry(V; @), = Oy ,»

sending & into R w is an isomorphism, and the characteristic variety of R(V; w)
over Cisequalto T} ® C.

Proof. Leta € X. If £ is a vertical vector field on a neighborhood of a, we
write 6y(§) = ré(a) and, whenever j, _,(§{)(a) = 0, with £ = 1, we denote by
0,(§) the element j (£)(a) of (SX(T)* ® Ji(V)),, which belongs to hy ,if §is
a solution of R\(V; w). Let (¢, v, w, ¥) be a local coordinate on a neighborhood
U of a compatible with p, where v = (v!,---,0?), w=(w',---,w”) and
y =(p',---,y™) is a local coordinate for ¥ on p(U). We write z = (2!, - -,2z9)
for (¢, v, w). Assume that w is the restriction to ¥ of the form (25.2) on U, and
that

t(a) =0, v(a)=w(a)=0, y(p(a))=0;
then dy ,yw is the restriction to /\ >V of the 2-form
p .
2> dw! A do’

J=1

on U.
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Since_: w(a) = (dt),, the subspace W, of ¥V, is spanned by the elements
(8/0v7),, (3/0w’),, with 1 <j < p. We may therefore identify the quotient
W of T} with the subspace

{éETa* <— $> <61 $>:0, fori=1,---,m}

of T*, and hence also the quotients S“W>* of S*T* and S*J(W)* of S*J(T)*
with subspaces of S¥T* and S*J,(T)? respectively. In fact, e(S*W*) is equal to
the space of k-jets

{jk(fxa) |

f= f(v,w) is a homogeneous
polynomial of degree kin (v, w) |
Ifn €J,, (T), let
By = 852 SKTUNT)* @ Jo(V) > S(T)* @ J(V)
be the mapping sending u into
8,u = mmAidu = [n, u].
If 7 = j, . (3/3t)(a), we write §, = §,; moreover if n = j, (3/9y")(a), we set
5 = 8 for 1 <i<m. Then (S"JO(W)* ® Jy(V)), is equal to the subspace
(SKI(T)* ® Jp(V)), N ker §, N m ker &;
i=1
of (SKIT)* ® Jy(V ).

If { = j,(£)(a), where £ is a vertical vector field on a neighborhood of a, for
any multi-index a = (ay,- - -, @,,,) We set

ye- & :jk+|a|(ya - €)(a).
If £ belongs to (SXJ(T)* ® J,(V)),, then
ye - ¢ = 0 (y°€) € (SFTU(T)* @ Jy(V)),.

If ¢ is the vertical vector field

(25.22) &= Z ¥%,,
O<|d|<k Y
with
£, —25’()61, 0<|a|<k,

on a neighborhood of a, since w is the restriction to ¥ of the form (25.2) on U,
we see that j,(£)(a) belongs to R (V; w), if and only if j,(£,)(a) is an element
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of Ry_ (V3 w), for all |a|< k; we infer that { = j,(£)(a) belongs to g, , if
and only if {, =j,_4(£,)(a) is an element of g,_, , for all |a|< k. For
k =1, we set

8k = 8k,a N (SkJO(W)* ®J0(V))a

and g, = Jy(V),. Since g, , is the kth prolongation of g, it is easily verified
that

(25.23) Grer = (81) 44

for k = 0, where (g,) ., is the kth prolongation of g, considered as a subspace
of (J(T)Y* @ Jy(V)), or of (Jy(W)* & Jy(V)), (see [9, §6]). From the above
discussion, we infer that { = j,(£)(a) belongs to g, , and 8¢ = 0 if and only if
we may choose £ to be a vector field (25.22) with

_ oo 3
g::! - [g] ga(v’ W)g

on a neighborhood of a, and ji_,(£,) € g4 for all |a|< k. We thus have
the decomposition

(25.29) SoNkerd= @D y g -
0<la|<k

If f is a real-valued function on U, the vertical vector field

(vj—af—.+ wj—ai.) —2f)%

dv’ aw/

_é,(#ﬂ g{)%Jr g (auf_ g{)a?w

on U satisfies

(§;,w)=-2f,
B(gf)w = —2-2—{00;
moreover
d
(25.25) [g,gf = &u,
and
(25.26) (g°0)é =00

if g is a real-valued function on p(U). Thus by (25.11), §; is a solution of
R (V; w), and the mapping (25.21) is surjective. If £ is a solution of R(V; w)
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over a neighborhood U’ C U of a satisfying £ & w = 0, then by (22.18)

L(§)w =¢rdy yo = gu,
for some function g on U’. Comparing coefficients of 4t in the above equality,
we conclude that

£7\dX/Yw =0, {rw=0.
Since « is a contact form, we infer that £ = 0, and so (25.21) is an isomor-
phism. This argument also shows that R_(V; w), consists of all jets joo(sf)(a),
with f a real-valued function on Uj therefore 4, , is equal to the space of all
elements 0, (&) of (SXJ(T)* ® Jy(V)),, where £ is a solution of R(V; w) over
U satisfying j,_(§)(a) =0 if k = 1. For k =0, it follows that the space A},
consisting of all elements 0,(§;) = o,(n;), where 7, is the vertical vector field

given by
Y A B4 )

j=1 aU‘j aW‘] aW‘] aU‘j

and f is a real-valued function on U satisfying j.( f )(a@) = 0, and the space &},

consisting of all elements
?
.9 .0 )
v/ —+ w— s
2 ( dv’ ow’ ) )

j=1

d ad
ok(‘sf) = _'ok(zfa_t + ET{

where f = f(¢t, y) is a function on U satisfying j,_(f)a) =0 if k = 1, are
subspaces of &, ,, and that

(25.27) heo,=h,®hy, fork=0.
We now show by induction on k that
(25.28) 8ka = P as

for k = 0. First, we consider the case k = 0. As
d d
oo(w) = 0(£_,1), OO(W) = 05(£,),

forl <j<p,and

0
oo 7) = (&)
we have the equality hy = Jy(W),, and hy is the subspace generated by
»(0,/0t),. Hence

hoo= So(V)a= 8o,a>
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and the mapping 7,: R_(V; w) = Jy(V) is surjective. Next, for k = 1, the
space #} admits a decomposition

h=a,9a,®a,,
where a, is the subspace consisting of all elements o,(n,), with f = f(v, w) a

homogeneous polynomial of degree 2 in (v, w), and where a, (resp. a;) is the
subspace generated by the elements

with 1 <j < p (resp. by the elements
i a — i a —_
(P2~ o) st
with 1 <i<<m, 1 <j<p). On the other hand, the space A is equal to the
direct sum

L) = ot

t -
aw’

1 ={o(£,)} @0
of the subspace {¢,(£_,)} generated by o,(£_,) and the subspace b generated by
the elements
.0 . .
ol(y'gg) =a(£ ,i5), Withl<i<m.
Clearly we have the equality
(25.29) a; @b = (p(J(Ty)*) @ J(V)),.

Let ¢° be the element »(3/d¢), of Ju(V),; as (£% @)= 1, we have the
decomposition (25.18) of g, , corresponding to £°. In fact,

Uy = 00(2158; + é (Uji + Wji)) =0,(£.,),

=1 dv/ aw/
and the mapping 6: g, , — g, , induces isomorphisms
f:a0,-0,
0: 0, > ({@) ® J(W)),.
From the exactness of (25.16) and from (25.18), we deduce that
(25.30) g1, = (p(Jo(Ty))* @ Jp(V)), @ a; @ 0, ® {0,(£,)};
from the above decompositions of A}, A} and g, ,, and by (25.27) and (25.29),

we obtain the equality (25.28) with & = 1. Furthermore, from (25.30) we see
that

(25.31) g, = a.
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We continue to identify W} and J(W)* with subspaces of T} and Jy(T)*
respectively as above, and for k = 0 let
T SKYIWE (SkJo(W)* ® JO(W)),,
be the mapping determined by the relation
en(u) = %"k(nf),

if eu = j(f)(a), where f = f(v,w) is a homogeneous polynomial of degree
k + 1 in (v, w). If ¥ denotes the inverse of the isomorphism (25.1), then it is
easily seen that 7, is equal to the composition

*1®(v o)

A v
Sk L (SEW* @ W) ,——— (S, (W)* ® Jy(W)),

and is injective; in fact, 7 is equal to the isomorphism » o y. It follows that the
diagram

Th+1

0 ——— ¥ 2k

SEFHL,W)* @ Jy(V)),

(25.32) 5 J
) id® 7

0 — (W* @ S¥HIw*) ———F s (W* @ ST (W)* ® Jy(V)),

8 8

id® 7, _
0 — (A2W* ® s*W*), ——=1 (A2W* © S¥-1J (W)* ® Jy(V),

is commutative and exact. In order to complete the proof of the equalities
(25.28), we now proceed to show by induction on k that g, is equal to the
image of 1, for k = 1. The equality (25.31) says that this assertion holds for
k = 1. Assume that g, is the image of 7, for some k = 1. By (25.23) and [9,
Lemma 6.3], g, , is equal to the first prolongation of the subspace g, of
(SI((W)* ® Jy(V)),. It follows from this remark that, if u € (S¥TU(W)* ®
Jo(¥)),, then u belongs to g, ; if and only if du € W* ® g, or equivalently if
and only if there is an element v of (W* ® S**'W*)_such that (id ® 7,)v = du.
By the commutativity and exactness of diagram (25.32), this property of v
implies that v = 0 and so holds if and only if there is an element w of
Sk2W* satisfying (id ® 7,)8w = Su; finally, this equality is equivalent to the
relation 7, ,(w) = u, and we conclude that g, , is equal to the image of 7, ;.
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In particular, we have just shown that
(25.33) T SEYIWE S g

is an isomorphism for k = 1, and that g, C A} for k= 1. As g, = Jy(V), =
hg,q» bY (25.26) we have
Y8k Chtiaar

for k = 0. From this inclusion and (25.24), it follows that

8o ker§, C hy ., fork=1.
By (25.25), 6_, induces a surjective mapping
(25.34) 8:hyyi .- hy,, fork=0.
Thus if (25.28) holds for some k£ = 1, the diagram
2t

0—gryq,, Nker gt"_’hkﬂ,a —0

Lo

0— gy, Mker 8, "7 8k+1,a _t"gk,a —0,

k,a

whose vertical arrows are induced by the inclusions (25.12), is commutative
and exact; hence it provides us with the equality (25.28) with k replaced by
k + 1, and so (25.28) holds for all kK = 0. From the isomorphisms (25.33)
together with the commutativity of the top square of diagram (25.32), we easily
see that the basis

bas)las) e oo la) )

of Jy(W), is quasi-regular for the subspace g, of (Jy(W)* @ Jy(V)),. Therefore
from the surjectivity of (25.34), the equalities (25.28) and (25.24), we infer that

the basis
() () ol 5
ot a’ ayl ’ ’ ay'" a,
9
owl /)

a

e )o () (i)

of Ji(T), is quasi-regular for g, ,, and so g, , is involutive (see [24, Appendix]).
Since every element of 4, , is of the form o,(£), where £ is a solution of
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R(V; w) over U satisfying j,_(§)(a) = 0 if k = 1, from (25.28) and (25.7) we
deduce that R(V; w) is a formally integrable and integrable Lie equation.
From (25.8) and (25.10), we now obtain (25.19). Since the mappings =,:
Jop, (Vi W) = J(V; W) are of constant rank for all &, / = 1, according to [10,
Proposition 8] we have

H/(R,(V; 0)) = H/(J(V; @), forj=0,

and thus (25.4) gives us (25.20). From the decomposition (25.30) of g, , and the
definitions of a, and a,, we easily see that the characteristic variety
VAR (V; w),C) of R(V; w) over C is equal to T¥ ® C, concluding the proof
of the proposition.

We now construct a formally integrable finite form of the Lie equation
R (V; w). Let P(V*) be the projectivized bundle of V*, and denote by [a] the
image of a € V*, with a # 0, in P(V*). Let

D12 (V) = oy (P(V*))
be the morphism of fibered manifolds over X sending ;. (f)(a) into
Je—1( f*w])(a), where f is a local diffeomorphism of X over Y defined on a
neighborhood of a € X; the subset Q(V; W) of Q. V) equal to
®;L (ji— ((@]) consists of all k-jets ¢ = (f)(a) of Q V) satisfying
Je—i(f*@ — gw)(a), for some g €0y ,, or equivalently ¢(J,_(W),) C
Je_(W). Thus Q,(V; W) is a sub-groupoid of O, (V). We now show that it is
a fibered submanifold of Q,(V) and a finite form of the Lie equation
J Vi W). If p € J(P(V*)), with a € X and p = j,((a])(a), where a is a section
of V* over a neighborhood of a satisfying a(a) # 0, then the mapping
Jk(V*)a - I/p(Jk(P(V*)))’

sending j,(B)(a), with B € V*, into

2 jula+ B))(a) | -

is surjective, and its kernel is the subspace of J(V*), generated by j.(a)(a).
Therefore if p = j ([w])(a), the projection ¢: V* - W* enables us to identify
V(J(P(V*) with J(W*),. If ¢ € Q(V), with source ¢ = a, target ¢ = b,
the isomorphism (25.3)
(25.35) ¢: T (V*)p = T (V¥),
determines a diffeomorphism

¢: Je1(P(V*) = Je (P(V¥)) i3
in turn, this mapping induces an isomorphism

oY Vp(Jk—l(P(V*))) - V¢(p)(Jk—1(P(V*)))’
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which can also be obtained by passage to the quotient from the mapping
(25.35), that is, the diagram

¢

Jeed (V) ——— 7, (V)

l l

P
Vol P(VF)) —> V¢(p)(Jk—1(P(V*)))

commutes. If p = &, _,(¢) = ¢(j,_,([w])(b)), an argument similar to the one
used to show that diagram (22.23) commutes gives us the commutativity of the
diagram

S
Vo (Qu(V)) ——> V(e (P(V*))

| o
~ 1P~
Jk(V)b Dy 1() 4 Jk—l(W*)b'

Since J,(V; W) is a vector bundle, we see that ®, _, is of constant rank and by
[9, Proposition 2.1] that Q(V; W) is a finite form of J(V; W). Let
T(D): (V) ~ T (P(V*))

be the morphism of fibered manifolds sending j (¢)(a) into j(Py(P))(a),
‘where ¢ is a section of Q,(V) over a neighborhood of a € X; then the diagram

o
Oy 11 (V) —— T (P(V™))

P
J, (D
T (0, (V) ELSOR T{P(V*))

is commutative. Hence by [9, Proposition 4.4], we have
MG (Vi W) =00, (V) NI (V5 w))
=M1 NI(Q(V; W),

since O, (V) = (@ (V)),,; therefore Q,  (V; W) is the kth prolongation of

oV, w).
Let

id

Y1 QVs W) > Jk—-l(/\ZW*)
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be the morphism of fibered manifolds over X sending ¢ = j,( f)(a) into

jk—l((f*dX/Yw - ng/Yw)|/\2W)(a)s
where f is a local diffeomorphism of X over Y defined on a neighborhood of
a€ X and g is an element of O, , satisfying j,_,(f*@ — gw)(a) = 0. If
b = target ¢, the isomorphism (25.3) induces by passage to the quotient an
isomorphism
¢ Sl ANW*)y = S (AWF)

an argument similar to the one used to show that the diagram (22.23)
commutes gives us the commutativity of the diagram

S
Vo(Qu(Vs W) — =25 7, (N2WH),

e

~ k-1
T VW) ———>J, [ (N*W*),,

where J(V; W) = »~U(V; W). Since R (V; ) is a vector bundle, we see that
W¥._, is of constant rank, and by [9, Proposition 2.1] that the set P(V; w)
consisting of all k-jets ¢ € Q,(V; W) satisfying ¥, _,(¢) = 0 is a sub-groupoid
and a fibered submanifold of Q,(V; W). Therefore P,(V; w) is a finite form of
the Lie equation R, (V; w), whose solutions are the local immersions f: X - X
over Y which satisfy f*w = gw for some real-valued function g on X, or
equivalently (f*w) A w = 0. An element ¢ of Q,(V) belongs to P(V; w) if
and only if there is an element ¢ € R such that

(25.36) o(@)=cw, ¢(Q)=c8 on NA%(W).
Let
Jk(‘I'o)F Jk(Ql(V; W)) - Jk(/\ZW*)

be the morphism of fibered manifolds sending j (¢ ) a) into j (¥(é))a),
where ¢ is a section of Q,(V; W) over a neighborhood of a € X; then the
diagram

Yy 2%
Qi (Vs W) ———> T (A*W™)

I
J (¥
Je(@,(V; W) M_)Jk( N*W*)

id
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is commutative. Hence by [9, Proposition 4.4], we have
MPri(Vs ©) = M0 (VW) N (P(V; )
= NQis1 NPV ‘*’)),

since Q. (V; W) = (Q,(V; W))_,; therefore P, (V; w) is the kth prolonga-
tion of P\(V; w).

Proposition 25.3. If w is a contact form along the fibers of p, then P(V; w) is
a formally integrable and integrable finite form of the formally integrable Lie
equation R (V; w), whose kth prolongation is P, | (V; ).

Proof. We begin by verifying that

7: Py (V; w) = P(V; @)

is surjective. If a € X, let G, be the set of ¢ € P|(V; w) with source ¢ =
target ¢ = a. If we take ' = w in Proposition 25.1, we see that, in order to
show that the mapping =, is surjective, it is sufficient to prove that G, C
7 Py(V; w)foralla € X. Let a € X and let (¢, v, w, y) be the coordinate on a
neighborhood U of a considered in the proof of Proposition 25.2. For A # 0,
let h, be the local diffeomorphism of X defined on a neighborhood of a
sending the point with coordinates (z, v, w, y) into the point with coordinates

(A1, Aol - AP, Wl WP y);

then #{w = Aw and h,(a) = a, and so &, is a solution of P(V; w). If ¢ € G,
satisfies (25.36) for some ¢ € R, then j,(4, scXa) - ¢ belongs to G, and satisfies
(25.36) with ¢ = 1. To verify our claim, we need only show that every element
¢ of G, satisfying (25.36) with ¢ = 1 belongs to 7 P(V; w). Let ¢ € Q(V)
with source ¢ = target ¢ = a satisfying ¢(w) = w. If ¢: Jy(T'), = J(T), is
given by

fl
A\
—

~

I
I M~

—

~
—

%
—
~
—
E
. -~ .
—_—_—— ——— o ——
—_ — =
Il
I~
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with 1 <j < p, 1 <i < m, then the mapping f, defined by
i
vio fi =3 (ajo! + cjw'),
=1
. p . .
wlio fy = (bjo! + diw'),
=1
tofy=t, y'of =y,
for 1<j<p, 1<i<m, is a local diffeomorphism of X over Y on a

neighborhood of a; moreover it is easily verified that ffw = w if and only if
o(2) = Q on N2J(W),. Let

»
a= 3 (Mw/ — plo’);
=1
the mapping f, defined by
v/o =1+ &)/ +Mt, wiofy=(1+a)w/ +plt,
tofp=(1+a)t, y'of=y,
for 1<j<p, 1<i<m, is a local diffeomorphism of X over Y on a
neighborhood of a. It is easily verified that
Fo=(1+ zx)zw — 2tady ya,
and hence that
Fdx,yo = (1+ a)de/'Yw +2(1 + 2a)dX/Ya A w

?
+2a X (wjdx/yvj - vjdx/wa) Ndy, ya.
j=1
Since a(a) = 0, we have
(e — (1 +a)o)(a)=0
and
i frdyye — (1+ a)dy yo + 2(1 + 20)dy ya Aw)(a) =0,

which shows that j,( f, (@) belongs to P,(V; w). Finally, the mapping f; defined
by

m m
viofi=v/+ T B, wiefi=wi+ Ty,
i=1 i=1
m p

tofy=t+ > |, + 3 (Bilwl—yilvl) ¥,
i=1 =1

yofs=y,
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for 1<j<p, 1<i<m, is a local diffeomorphism of X over Y on a
neighborhood of a. It is easily seen that f*« = w and that
e fhofida)=¢,

since a(a) = 0. Thus if ¢ is an element of P,(V; w), then f, is a solution of
P(V; w), and so j,(fi)(a) and j,(f)a) belong to Py(V; w); consequently
¢ = jo(fs © f, © f,)(@) is an element of Py(V; w) satisfying m,¢ = ¢, and so our
assertion holds. Since g, is 2-acyclic and g, is a vector bundle for k£ =1 by
Proposition 25.2, we apply [9, Theorem 8.1] to P,(V; w) and deduce that it is a
formally integrable finite form of R,(V; w). With respect to the analytic
structure on U determined by the coordinate (¢, v, w, y), the form w is analytic
and the open sub-bundle of P(V; ),y consisting of all elements ¢ € P(V; w)
with source and target belonging to U is an analytic and formally integrable
differential equation on U, and therefore integrable. That P(V; w) is inte-
grable now follows from Proposition 25.1 with &’ = w.

The following proposition is the analogue of Proposition 22.5 (iii) for
P(V; w) and its proof is based on Proposition 22.5 (i) and (ii).

Proposition 25.4. Let u be a section of (T* ® Jy(V))" over X and let f be a
local immersion X — X over Y defined on an open set U. The section ¢ =
H(f)—fouow onI(V) is a section ong)I(V; w) over U if and only if there is a
real-valued function g on U such that f*© = go* and

(25.37) Wt A (f*dX/Yw - g(dX/Y“’)u) =0

Proof. According to Proposition 22.5 (i), ¢ is a section of §,(V'). Let g be a
real-valued function on U. By Proposition 22.5 (ii), with « = gw, we see that
¢(w) = gw if and only if f*w = gw*; by (22.27) and (22.26), for § € A 2J0(W)
we have

(&, 6(Q)= (v —a)E, frdy,yw),
(& gQy=((r' —u)é, g(dX/Yw)u>'

Since the sub-bundle W* of V consisting of all vectors § € V' satisfying
(¢, w*)= 0isequal to

We=(id—ior)W=(id +r'ou)W,

we deduce that ¢(&) = gQ on A\ Jy(W) if and only if f*dx, yw = g(dy,ye)*
on A\ 2W*; this last condition is equivalent to

f*dX/Yw - g(dX/Yw)u =a A
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for some section « of V* over U, and hence to (25.37). The desired result is
now a consequence of the description (25.36) of P(V; w).

If u is a section of V* ® J(V) and v is a section of AJy(V)* ® fl(V; w),
we have the relation

(25.38) (B (v)@) A v+l =0,

which we require for the next proposition. Indeed, if v = ¢ ® £, with « a
section of AJy(¥)* and £ a section of J,(V; W), then

(L (0)@) Av* ot =a A (R(8)®)" A v*le*
=an((E()w)n@) =0.

The following two propositions are the analogues of Propositions 23.2 and
23.4 or of Proposition 24.4 for contact forms.

Proposition 25.5. Let w be a contact form along the fibers of p and u, be a
section of (T* ® J(V))" over X. If a € X, the following assertions are equiva-
lent:

(i) w“° is a contact form along the fibers of p and

(25.39) @ A (dy pt — (dy,y©)*) =0

on a neighborhood of a;

(ii) relation (25.39) holds on a neighborhood of a;

(iii) there is a section u of (T* ® R(V; w))" such that myu = u,and Du =0
on a neighborhood of a;

(iv) there is a section ¢ of GJ’I(V; w) over a neighborhood of a satisfying
Do = uy;

(v) there is a local diffeomorphism f. X - X over Y defined on a nezghborhood
of a such that

fre =o', N (f*dX/Yw - (dX/Y‘*’)uO) =0;

(vi) there is a local diffeomorphism f: X — X over Y defined on a neighborhood
of a such that f(a) = a and f*w = w*, and (25.39) holds on a neighborhood of a.

Proof. (iii) = (ii): Let u be a section of T* ® J(V; W) satisfying myu = u,
and D,u = 0; then 2 = (»*"' ® »~")(1;,) is a section of Jy(V)* J(V; W).
Since @1 x,v(#y) = 0, we apply Proposition 22.3 to w and u;, and obtain

@' N (dy pee = (dX/Y‘*’)uO) = e N E(2)e =0

by (25.38), where v = uyy.
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(ii) :y(i): If (25.39) holds on an open set U, then
W A (dX/Ywuo)P = WA ((dX/Yw)uo + (dX/Yqu - (dX/Y‘*’)uO))P

= @¥o A\ ((dx/yw)uo)P = (w"o A (dx/yw)P)uo

Since id + »™' o uy: ¥V - V is invertible, (w A (dx,yw)”)*, and hence also
w* A (dy,yw*)?, does not vanish at any point of U. Thus w* is a contact
form on U.

(i) = (vi) is given by Proposition 25.1.

(vi) = (v): Since f*w = w", we have f*dy yw = dy,yw* and the desired
identity follows from (25.39).

(v) = (iv) follows from Propositions 25.4 and 22.5 (1).

(iv) = (iii): Since P,(V; w) is a formally integrable finite form of R,(V; ) by
Proposition 25.3, there is a section ¢ of 5}2( V; w) over a neighborhood of a
such that 7,4 = ¢; then u = Dy is a section of (T* ® R(V; w))" satisfying
o = g and Du = 0.

The following proposition, together with the equivalence of assertions (i) and
(iii) of Proposition 25.5, shows that the mapping 7* ® J,(V) —» V*, sending u
into w*, with u, = myu, induces a surjective mapping from Z'(R,(V; w)), to
the set of germs at @ € X of contact forms along the fibers of p.

Proposition 25.6. Let w be a contact form along the fibers of p and v’ a
section of V* over X. Then &’ is a contact form along the fibers of p if and only if,
for all a € X, there is a section ugy of (T* ® Jy(V))" such that o' = w*° and

(25.40) W A (dy yo = (dy,y0)*) =0

on a neighborhood of a.

Proof. Assume that ' is a contact form along the fibers of p. Let W’ be
the sub-bundle of V consisting of all elements § € V satisfying (£, )= 0.
According to Cartan’s lemma, there are frames {a;,---,a,,} for W* and
{af, -, a,} for W™* over a neighborhood U of @ € X such that

? ?
(dX/Yw)[/\ZW = 21 oy N ay;, (dX/Yw,)[/\ZW’ = _21 oy N ay,

j= J=
and there are sections {, {" of ¥ over U such that ({, w)=1,{{", 'Y= 1. Let v
be the unique section of V* ® V over U satisfying v({’) = ¢ and whose
restriction to W’ is the section © of W™* ® W determined by o*(a;) = «j, for
1 <j<2p Let u, be a section of T* @ J(V) over U satisfying
@ +rto Uy = v; since » + uy: V- Jo(V) is an isomorphism, u, is a
section of (T* ® Jy(¥))" . Then &’ = w* and dy ,yw’ = (dy ,yw)* on A\ *W’;
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hence (25.40) holds on U. The converse is provided by the implication (ii) = (i)
of Proposition 25.5.

Since P,(V; w) is a formally integrable and integrable finite form of the Lie
equation R,(V; w) by Proposition 25.3, the implication (iii) = (iv) of Proposi-
tion 25.5 together with Proposition 22.7 (iii) gives us the following:

Theorem 25.1. Let w be a contact form along the fibers of p. Then for all
m=1,a € X, we have

H'(P(V; ©))ma=0, H'(R(V; ), =0.

The existence of the local coordinates for X satisfying the conditions with
respect to w described in the proof of Proposition 25.1 shows that sequence

0 - R (V; @), = Ry(w), iJk(TY; Y)p(x) -0

is exact, for x € X and 1 < k < o0; therefore by Proposition 25.2 and (25.7),
we see that R (w) is a formally transitive and formally integrable p-projectable
Lie equation whose & th prolongation is R, (). From (25.6), we deduce that

(25.41) [@2((»),@{1(% "-’)] CR (Vs @),

if Ry(w) = »"'R,(w), and that R (V; w), is a closed ideal of the transitive Lie
algebra R (w),, for x € X. With respect to the structure of analytic manifold
on an open set U C X determined by a local coordinate on U satisfying the
conditions with respect to w described in the proof of Proposition 25.1, the
section w is analytic and the Lie equations R (¥; w) and R (w) are analytic
and satisfy (25.41); hence for x € X and j > 0, we have

H/(R(@),, Ro(V; w),) = H(R(V; w)), =0,
HY(R (@), Ry(V; @),) = H(R(V; )), =0,

by (25.20) and Theorem 25.1; moreover by [16, Corollary 13.1] and Corollary
10.1, we obtain

(25.42)

Hj(Roo(w)X) = Hj(Rl(w))x = O’
ﬁl(Roo(w))x = ﬁl(Rl(w))x = 0’
for all x € X and j > 0. According to Proposition 25.2 and Theorem 16.4 (i),
the characteristic variety V(R (®),, R (V; w),,C) is equal to the image of
the injective mapping
afor*1®id: T*®C >R (w)*®C.
If the manifold Y consists of just one point, then ¥V = T and w is a contact

form on X. Applying the above results to w, we see that R\(w) = R|(T; w) is a
formally transitive and formally integrable Lie equation on X. The solutions of
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R(w) are the contact vector fields, R (w), is the contact algebra for x € X,
and the local diffeomorphisms solutions of P,(T; w) are the contact transfor-
mations of X. The transitive Lie algebra R_(w), is non-abelian, simple and
infinite-dimensional; moreover if Der(R (w),) denotes the Lie algebra of
derivations of R _(w),, according to [7] the mapping

R, (@), = Der(R,(w),),

sending £ into the derivation ad(¢) of R_(w),, is an isomorphism of Lie
algebras (see [23, §7] and [6, Corollary 2.2]).

We no longer assume that Y is a point. Let & € Y and Z be the submanifold
X, of X. We consider the contact form w,, restrictionof w to Z. If a € Z, a
local coordinate on a neighborhood of «a satisfying the conditions with respect
to w described in the proof of Proposition 25.1 determines a local isomorphism
¢:Y X Z - X of fibered manifolds over Y defined on a neighborhood of
(b, a) such that (b, a) =aand &, = *(w). lf y E Y,z € Z, with @(y, z) =
x, the mapping ¢ induces an isomorphism (21.4) of transitive Lie algebras;
under this isomorphism, it is easily seen that the image of the semi-direct
product

M: (Roo(wZ)z ® F:v) ®J00(TY? Y)y

is the transitive subalgebra R _(w), of J (T} p),, and that the image of the
closed ideal R (w,), ® F, of M is the closed ideal R (V; w), of R (w),.
Since R,(wz), is a non-abelian simple Lie algebra, R (wz), ® F, and
R_(V; w), are non-abelian minimal closed ideals of M and R_(w), respec-
tively; moreover

MD R (wz),® F,D0,
R (w),DR (V;w),D0

are Jordan-Holder sequences for the transitive Lie algebras M and R_(V; w),
respectively. From the commutativity of diagram (21.6), we deduce that the
characteristic variety V(M, R (w,), ® F,,C) of the closed ideal R , (w2), & F,
of M over C is equal to the image of the injective mapping (21.7), with
L =R (@),

We restate some of these results in

Proposition 25.7. Let w be a contact form along the fibers of p: X - Y. Let
x € X withy = p(x), and Z = p~\(x). If w, is the contact form on Z, restriction
of w to Z, then the contact algebra R _(w), is a transitive subalgebra of
J (15 Z),; moreover, there is an isomorphism of transitive Lie algebras

(Roo(wZ)x ® F;) ® Joo(TY7 Y)y - Roo(w)x
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mapping the closed ideal R (w), & F, of the semi-direct product onto the closed
ideal R (V; w), of R (),

Let w, be a contact form on a manifold Z. Let p: X — Y be the fibered
manifold pr;: Y X Z — Y and w be the contact form &, along the fibers of p
determined by w,. We have the decompositions

Ri(w) = Ry(V; @) @ J(V'; p),
and, forx = (y,z) € Y X Z,
R (0)x = Reo(V3 @), @ 0,(J(Ty; Y),)-
Therefore R (V; w), is a J(Ty; Y),-submodule of J_(V'),, and the restriction
AR (w;),® F, - R (V; ),

of the mapping (21.3) is an isomorphism of J(Ty; Y) -modules.

From (25.42) and Proposition 25.7, we deduce the following;:

Theorem 25.2. If w, is a contact form on a manifold Z, then for z € Z,
y € Yandj > 0, we have

H{(Ro(07), & B) @ L(Ty:Y),, Rafw7), ® ) =0,
FY((Rofw2),® E) @ I(Ty: Y),, R (wy),® E,) = 0.

If we take Y to be a point and Z = X in Theorem 25.2, we obtain:
Corollary 25.1. If w is a contact form on X, then for x € X and j > 0, we
have

H(R,(0),) =0, H'(R,(w),)=0.

26. The cohomology of non-abelian minimal closed ideals of real type

Let R be a simple real transitive Lie algebra. The commutator ring K, of R
is the algebra of all R-linear mappings ¢: R — R such that

c([£ 1)) =[& c(n)],

for £, m € R. If R is non-abelian, then according to {20, Proposition 4.4] the
ring K, is a finite algebraic extension of R; therefore Ky is always a field
which is either R or C.

If Der(R) denotes the Lie algebra of derivations of R, we may identify R
with the closed ideal of Der( R) of inner derivations of R. If R is finite-dimen-
sional, it is a classical result that Der(R) = R, and we let R® be any proper
subalgebra of R. According to the classification of the real simple infinite-
dimensional transitive Lie algebras (see [34] and [36]) and the computation of
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their Lie algebra of derivations given in [7], if R is infinite-dimensional and
K = R, there is an isomorphism of pairs of Lie algebras from (Der(R), R) to
one of the following pairs of transitive Lie algebras, whose restriction to R is
an isomorphism of transitive Lie algebras:

W) (J Tz Z2),, J(T5; Z),), where Z is a manifold of dimension = 1 and
zE€Z

(ii) (J (T wz),, Jo(T7; w5),), where w, is a volume form on a manifold Z
of dimension = 2 and z € Z;

(iil) (J(Tz; wz),, J(T5; wz),), where w, is a symplectic form on a mani-
fold Z of dimension =2 and z € Z;

(iv) (Ryu(wz),, R (wz),), where w; is a contact form on a manifold Z of
dimension = 3 and z € Z.

This isomorphism endows Der(R) with the structure of transitive Lie
algebra in which the transitive Lie algebra R is a closed ideal of codimension at
most one. In all four cases, the images of Der(R) and R under this isomor-
phism are transitive subalgebras of J_(T,; Z), and so clearly the subalgebra
Der®(R) of Der(R), whose image under this isomorphism is equal to the
intersection of the image of Der(R) with JA(T; Z),, is a fundamental subalge-
bra of Der(R) such that R® = R N Der’(R) is a fundamental subalgebra of R,
and

(26.1) Der(R) = R + Der®(R)

(see [6, Corollary 2.2]).
It F,=J,1;Y),, with y € Y, as we have seen in §21, the semi-direct
product

Der(R &g F,) = (Der(R) ®x F,) © J(Ty; Y),

is a transitive Lie algebra, and

Der’(R &g F,) = (Der%(R) &g F, + Der(R) ®RF°) ©J(Ty;Y),

is a fundamental subalgebra of Der(R ®RF ); moreover the closed ideal
R ®RF of Der(R ®RF ) is a non-abelian Immmal closed ideal if R is
non—abehan We denote by

7: Der(R ®g E,) — J(Ty; Y),

the natural morphism of transitive Lie algebras. In fact if K; = R, then by [6,
Proposition 3.2], Der(R ®r F ) is canonically isomorphic to the Lie algebra of
derivations of R ®¢ F, although this fact is used neither in this paper nor in
the proofs of any of the results of [6] which we need.
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From the above classification results, Proposition 22.10 and Theorems 23.2,
24.2 and 25.2, we deduce:

Theorem 26.1. Let R be a simple real transitive Lie algebra with Kp = R.
Then fory € Y, we have

H/(Der(R ®x F,),R ®x F,) =0

forj >0 and
H'(Der(R &g F,),R ®x F,) = 0.

Moreover according to the computation of characteristic varieties of §§21,
23, 24 and 25, we see that R ® g F, is an elliptic ideal of Der(R ®r F))if and
only if R is finite-dimensional and Y is zero-dimensional (i.e., F, = R).

Let L be a real transitive Lie algebra and I a non-abelian minimal closed
ideal of L. Then according to [20, Proposition 7.1}, I possesses a unique
maximal closed ideal J of I and R = I /J is a non-abelian simple transitive Lie
algebra which is canonically associated to I. We say that the non-abelian
minimal closed ideal I is of real or complex type according to whether the
commutator field K is R or C.

Assume that the ideal I is of real type. We now prove that the non-linear
cohomology of I vanishes following the argument given in §13. We endow
Der(R) with a structure of transitive Lie algebra and let Der®(R) be a
fundamental subalgebra of Der(R) satisfying the conditions described above.
By [20, Proposition 6.2], the normalizer N of J in L is an open subalgebra of L,
and is therefore of finite codimension in L. We now suppose that the
dimension of the manifold Y is equal to that of L/N, and let y € Y. By
Proposition 21.1, there is a transitive representation

9: (L, N) > (S(Ty; 1), I(Tw3 Y),)
of (L, N) on J(Ty; Y),. Consider the transitive Lie algebra Der(R Pr F)
and its fundamental subalgebra Der®(R &g F, ). According to the topologlcal

version [6, Theorem 4.2] of the structure theorem of Guillemin [20, Theorem
7.1], there is a continuous morphism of transitive Lie algebras

®: L - Der(R®g F,),
which induces by restriction an isomorphism
(26.2) ®:] > RORF,

of closed ideals, such that 7 o ® = ¢. Since R ®¢ F, is contained in ®(L) and
(26.1) holds and since ¢(L) is a transitive subalgebra of J (Ty; Y),, we see
that ®( L) is a transitive Lie algebra satisfying

(26.3) Der(R &g F,) = ®(L) + Der’( R &g F, ).
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Since (26.2) is an isomorphism, by [16, Cérollary 13.1 (i1)] and Theorem 10.4
(iv), ® induces isomorphisms of cohomology

H*(L, 1)~ H*(®(L), R®& F,),

H'(L,I) > H(®(L), R & F,).

Because of (26.3), from [16, Theorem 13.2] and Theorem 10.5 we obtain
isomorphisms of cohomology

H*(®(L), R ®g Fy) ~ H*(Der(R ®x F,), R®& F,),
AY(®(L), R®x F,) > H'(Der(R & F,), R ®x F,).
Composing these isomorphisms, we obtain isomorphisms of cohomology
H*(L, 1)~ H*(Der(R ®x F,), R ®g F,),
A'(L,I) > H(Der(R ®x F,), R &R E,).
From Theorem 26.1, we deduce that Conjecture I of §13 holds for non-abelian
minimal closed ideals of real type, and so we have:

Theorem 26.2. Let L be a real transitive Lie algebra and I a non-abelian
minimal closed ideal of real type. Then for j > 0, we have

H/(L,I)=0, H(L,I1)=0.
Furthermore, if K = R or C, since (26.2) is an isomorphism, Corollary 16.1
tells us that

V(L,1,K) = (®* ®id)(V(®(L), R®x F,, X)),

where @* ® id: ®(L)* ® K —» L* ® K is the injective mapping induced by ®.
By (26.3), if we compute the characteristic varieties of the closed ideal R ®g F,
of Der(R @y F,) and of ®(L) using the fundamental subspace

(R®x F,) N Der’(R & F,)

of R® F, and the fundamental subalgebras Der®(R &g F,) and ®(L) N
Der®(R ®g F,) of Der(R ®y F,) and ®(L), we see that the mapping

(Der(R & F,))* - ®(L)*
induces a bijective mapping
V(Der(R ®g F,), R ®g F,, K ) » V(®(L), R & F,, K ).
Therefore the mapping
®* ®id: (Der(R &R F,))* ® K > L*® K
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induces a bijective mapping
(Der(R ®x F,), R® E,, K ) » V(L, I, K).
y y

We conclude that the closed ideal I of L is elliptic if and only if the closed
ideal R ®y F, of Der(R ®y F ) 1s elliptic. This last condition holds if and only
if R ®g Fisa flmte-dlmenswnal Lie algebra. We have thus proved:

Proposntlon 26.1. A non-abelian minimal closed ideal of a transitive Lie
algebra of real type is elliptic if and only if it is finite-dimensional.
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